Discretionary Policy and Multiple Equilibria
in a New Keynesian Model

Volker Hahn

Working Paper Series
2014-14

http://www.wiwi.uni-konstanz.de/econdoc/working-paper-series/



Discretionary Policy and Multiple Equilibria in a
New Keynesian Model*

Volker Hahn

Department of Economics
University of Konstanz
Box 143
78457 Konstanz, Germany
volker.hahn@uni-konstanz.de

First Version: September 2013
This Version: August 2014

Abstract

Focusing on linear-quadratic models with rational expectations, this paper
extends the concept of discretionary equilibrium by allowing for linear non-
Markovian strategies of the policy-maker and the other agents in the economy.
Applying this concept to the standard New Keynesian framework, we show that
a multitude of equilibria arise. Some equilibria have favorable consequences for
welfare, resulting in outcomes superior even to those achieved under timeless-
perspective commitment. Compared to traditional approaches to modeling cred-
ibility through trigger strategies, our approach has the desirable implication that
small mistakes of the policy-maker have only small consequences for his reputa-
tion. Finally, we show that our equilibrium concept can provide an alternative
explanation for the high degree of inflation persistence found in the data.
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1 Introduction

This paper shows that discretionary policy-making may lead to multiple equilibria in
linear-quadratic rational expectations models once the possibility is taken into account
that the policy-maker and the other agents may respond to lagged endogenous vari-
ables that do not affect their current payoffs. To demonstrate this finding, we use
the standard log-linearized New Keynesian model (see Clarida et al. (1999)) without
endogenous payoff-relevant state variables such as capital. We focus on this model
because it delivers a unique discretionary solution when only Markov perfect equilibria

are considered (see Blake and Kirsanova (2012)).

While we believe our finding of multiple equilibria under discretionary policy-making
to be of theoretical interest itself, we also prove that the additional equilibria that we
identify can display arbitrary degrees of inertia. Thus they can be used as a potential
explanation for the inflation persistence that is found in the data (see Nelson (1998) and
Estrella and Fuhrer (2002)), but cannot be generated by a purely forward looking New
Keynesian model without ad-hoc modifications like price indexation (see Christiano
et al. (2005)) or rule-of-thumb price setting (see Gali and Gertler (1999))." The position
taken by this paper that inflation persistence is not a structural feature of the economy
is supported by Benati (2008), who shows that inflation persistence is not invariant to

changes in monetary-policy regimes.

Our equilibrium concept, which we label memory-dependent discretionary equilibrium
(MDE), is a straightforward extension of the notion of discretionary equilibrium intro-
duced by Oudiz and Sachs (1984) and Backus and Driffill (1986). The policy-maker
maximizes welfare, taking its own future behavior and the behavior of the private sec-

tor as given. Due to the impossibility of committing to a specific future behavior,

'Rule-of-thumb price setting and indexation are theoretically unappealing because they cannot
be obviously reconciled with firm optimizing behavior. Moreover, indexation is not in line with mi-
croeconomic evidence on firms’ price setting (see Klenow and Malin (2010)). Alternative explanations
for inflation persistence are due to Erceg and Levin (2003), who analyze the public sector’s learning
process about a time-varying monetary policy rule, Cogley and Sbordone (2008), who consider a New
Keynesian model with trend inflation, Sheedy (2010), who studies time-dependent price-setting with
a non-constant hazard function, and Niemann et al. (2013), who focus on the incentives to inflate
away public debt.



each policy-maker can be viewed as an independent player. As a result, a new type of
strategic complementarity arises in our framework between the actions of these players,
which sets the stage for the occurrence of multiple equilibria:? The more vigorously
future policy-makers respond to pay-off irrelevant variables, the stronger the optimal

response of current policy-makers to these variables.

This dynamic complementarity can be explained in the following way. Suppose that
future policy-makers respond to economic variables that are not payoff-relevant. Then
the current choices of the private sector are influenced by these variables because, ac-
cording to the New Keynesian Phillips curve, the private sector’s decisions are affected
by expectations about future economic variables and therefore depend on the decisions
of future policy-makers. As a result, it is also optimal for current policy-makers to

react to these payoff-irrelevant variables.

We show that some MDEs deliver a higher level of welfare than the standard dis-
cretionary solution in the canonical New Keynesian model (see Clarida et al. (1999),
for example). While MDEs cannot mimic exactly the optimal commitment solution
from a timeless perspective (see Woodford (1999)), which corresponds to the policy
the policy-maker would have liked to commit to a long time ago, we show that MDEs
can involve even higher welfare than timeless-perspective commitment.> Conversely,
we prove that some MDEs have disastrous consequences for welfare. In these equi-
libria, the central bank is caught in an expectation trap where it has to confirm the
private sector’s expectations of large fluctuations of output and inflation in response

to shocks.*

Our paper is related to several strands of the literature on multiple equilibria in the

presence of discretionary policy-making. In non-linear models, the existence of multiple

2Cooper and John (1988) highlighted the important role of dynamic complementarities for equi-
librium multiplicity.

3Dennis (2010) and Sauer (2010) demonstrate that a discretionary equilibrium can be superior to
timeless-perspective commitment in the New Keynesian model.

40ur approach also has the potential to explain the Great Moderation, i.e. the observation that
aggregate economic activity was particularly stable from the early 1980s until the 2007 financial
crisis (see McConnell and Perez-Quiros (2000) for an early account of the Great Moderation). It is
conceivable that during this period, the private sector and the central bank coordinated on a superior
equilibrium.



equilibria when policy-makers act on a discretionary basis has been established by
Albanesi et al. (2003) and King and Wolman (2004). Albanesi et al. (2003) construct
Markov perfect equilibria where a sunspot variable may allow agents to coordinate on
a particular equilibrium. King and Wolman (2004) point to the possibility of multiple
equilibria and related sunspot equilibria in a New Keynesian model with two-period
price setting. Our paper differs from these contributions because we do not consider
sunspot equilibria. We show that multiple equilibria arise when agents respond to

endogenous pay-off irrelevant state variables.

In line with Blake and Kirsanova (2012), we assume that the policy-maker acts as a
Stackelberg leader in each period. Because Eggertsson and Swanson (2008) show that
simultaneous play of the private sector and the policy-maker leads to uniqueness in the
framework proposed by King and Wolman (2004),° one might ask whether our findings
are sensitive to this assumption. However, it is possible to prove that multiple MDEs
in our framework would also arise if the policy-maker and the private sector moved

simultaneously.”

Our paper is most closely related to Blake and Kirsanova (2012), who demonstrate
the existence of multiple discretionary Markov equilibria in linear-quadratic models
with rational expectations. More specifically, they point to the existence of endoge-
nous state variables as a necessary precondition for the multiplicity of discretionary
Markov equilibria. As the standard New Keynesian model adopted in our paper does
not feature endogenous payoff-relevant state variables, their analysis implies that this
model admits only a unique discretionary Markov equilibrium. The present paper
complements Blake and Kirsanova’s findings by showing that also payoff-irrelevant en-
dogenous state variables can lead to multiple discretionary equilibria when we dispense

of the assumption of Markovian strategies.

SMultiple discretionary equilibria in an open economy have been examined in Arseneau (2012).
Armenter (2008) uses a one-period model to show that multiple equilibria may arise when welfare
costs from inflation are bounded.

SDotsey and Hornstein (2011) highlight that equilibrium is unique in King and Wolman (2004) if
the central bank uses an interest rate as its instrument.

TA detailed analysis of a variant of our model where the central bank and the private sector move
simultaneously is available upon request.



Finally, as our paper focuses on policies and private-sector choices that violate the
Markov property, it is also related to works that examine how reputational mecha-
nisms can overcome time-inconsistency problems.® For dynamic macroeconomic mod-
els, reputation-building can be modeled with the help of the sustainable equilibrium
concept, which has been introduced by Chari and Kehoe (1990, 1993) and has been ap-
plied by various authors (Chang (1998), Ireland (1997), and Kurozumi (2005, 2008)).°

Our equilibrium concept differs from the notion of sustainable equilibrium in two re-
spects. First, we consider only one-shot deviations by the policy-maker in each period
rather than deviations which specify policies for all possible future histories.!® One-
shot deviations are of practical relevance because central banks typically determine

merely current values for their instruments.!!-!2

Second, we restrict our attention to particular types of behaviors in equilibrium, namely
those which depend on payoff-irrelevant state variables in a linear way. This assumption
rules out trigger strategies, in particular. We consider this linearity requirement natural
in a linear-quadratic model. It also has the desirable consequence that, unlike in the
case with trigger strategies, small mistakes of the policy-maker would not have drastic
consequences for economic aggregates and can never result in a complete break-down

of reputation.'?

We conclude the discussion of the differences of our equilibrium concept from the

sustainable equilibrium concept by noting that the second difference, i.e. the focus

8See Barro and Gordon (1983) and Stokey (1989) for seminal contributions.

9Abreu et al. (1986, 1990) study reputation-building in infinitely repeated games by looking for
fixed points of mappings of sets of values to sets of values.

10The one-shot deviation principle (see Blackwell (1965)) does not hold in our framework. This
explains why it is possible that the standard discretionary equilibrium is the worst sustainable equilib-
rium in the standard New Keynesian model (see Kurozumi (2008)), while memory-dependent equilibria
in our paper may involve lower welfare than the standard discretionary equilibrium.

HForward guidance can be viewed as an exception. However, even under forward guidance, central
banks are far from selecting values of their instruments for all possible future histories.

12Even if central banks could announce values of their instrument for every possible future contin-
gency, it would still be interesting to analyze the case where this information is ignored by private
agents. This is the case where only one-shot deviations are possible, which is examined in this paper.

13For example, in the classic paper by Barro and Gordon (1983) inflation expectations discontinu-
ously jump to the inflation rate obtained under discretion whenever inflation differs from zero. More
recently, trigger strategies of the private sector have been considered by Loisel (2008) and Levine et al.
(2008).



on equilibria where strategies are of a particular linear form, tends to lead to smaller
sets of equilibria when we utilize our equilibrium concept as opposed to sustainable
equilibrium. By contrast, the first difference can be expected to result in larger sets of

equilibria because MDEs are immune to smaller sets of possible deviations.

This paper is organized as follows. We lay out the model in the next section. In
Section 3, we introduce a formal definition of the MDE concept. We characterize all
MDESs, discuss the properties of an example MDE and derive our general results about
inflation persistence in Section 4. In Section 5, we analyze the consequences that

different MDEs have for welfare. Section 6 concludes.

2 Model

As has been mentioned before, we use the canonical New Keynesian model as our
workhorse (see Clarida et al. (1999)). In each period t = 0, 1,2, ..., the New Keynesian
Phillips curve holds

= PEm] + ky + &, (1)

where 7, is the inflation rate, y; is the log output gap, [ is the common discount factor
(0 < B < 1), and k a positive parameter. E;[m | denotes the rational expectations
about inflation in period ¢ + 1. Equation (1) can be derived from microeconomic

foundations, as explained in detail in Woodford (2003, ch. 3, secs. 2.1 and 2.2).

The shocks & are i.i.d. from a normal distribution with zero mean and variance 02.
They represent so-called cost-push or markup shocks, which can be microfounded by
stochastic sales taxes or varying degrees of competition (see the discussion leading to

Eq. (4.38) in Woodford (2003, ch. 6, sec. 4.5)).
The IS curve, which can be derived by log-linearizing the consumption Euler equation,
is:

Y = —0(iy — Ee[mga] = 7) + Ey[ye1] + 11 (2)

Parameter o (0 > 0) corresponds to the intertemporal elasticity of substitution, i, is

a short-term nominal interest rate, and 7 is the natural real rate of interest, which we



assume to be constant and normalize to zero, for simplicity.'* The shock i, is normally
distributed with zero mean and variance 03. Like the markup shocks, the demand

shocks are independent across periods.

We would like to stress that we deliberately focus on the case where shocks are un-
correlated over time. As a result, any inflation persistence that will show up in our
model will be generated by the memory-dependence of the central bank’s and the other

agents’ actions and will not be caused by the persistence of shocks.

The per-period social loss function, which can also be derived from microeconomic

foundations (see Woodford (2003, ch. 6, sec. 2.2)), is given by

1
lt: —7Tt2+

2

a
where a (a > 0) is a parameter that gives the weight on output stabilization in the social
loss function. Monetary policy is conducted by a central bank that shares society’s

preferences.

We extend the concept of discretionary equilibrium (see Oudiz and Sachs (1984) and
Backus and Driffill (1986)) in a straightforward way to an equilibrium concept we label
memory-dependent discretionary equilibrium (MDE). In each period ¢, the central bank
chooses the preferred interest rate i;, taking its own future policy and the public’s
expectations about the future output gap and inflation as given. Given the central
bank’s instrument i;, the private sector chooses 7; and y; in line with (1) and (2).'* The
major innovation in the present paper is that inflation expectations and the choices of
the central bank and the private sector in each period ¢t may depend on a state variable
m; called memory, which is a function of past inflation rates, output gaps as well as
interest rates. Notably, these variables and therefore m; do not enter the Phillips curve
and the IS curve in period ¢ and later periods. They also do not affect the central

bank’s current and future loss functions.

MNormalizing 7 to zero is not restrictive. It means that i; in our model can be interpreted as the
difference between the nominal interest rate and the natural real rate of interest or, alternatively, as
the deviation of the nominal interest rate from its level in a zero-inflation steady state.

15This particular timing assumption that the central bank moves first and the private sector moves
second, after observing the central bank’s choice, is in line with Blake and Kirsanova (2012) (see their
Assumption 2 on p. 1330).



More specifically, we define memory m, recursively in the following way:
My = PrMy—1 + GaTyi—1 + OyYi—1 + Pily—1 fort > 1, (4)

where the ¢’s are coefficients left to be determined. We note that m; is pre-determined
at t. The initial value myg is exogenously given. While at this point m; has no natural
interpretation and is simply a variable that aggregates the lags of the economic variables
in our model, we will see in the course of our analysis that m; can be identified with

the past expectations of current inflation.

Our specification of m, in Equation (4) satisfies the following three properties. First, it
represents a comparably small deviation from the standard discretionary equilibrium
by allowing the economy to be affected by only one additional state variable. This
simplicity makes it possible to derive analytical results. We will see that already
this minor modification of the concept of discretionary equilibrium leads to a host of
additional equilibria. Second, the additional state variable m, is allowed to depend
on one-period lags of all endogenous aggregate variables m;, v, and ;. Third, these
variables affect m; linearly, which appears to be natural in a linear-quadratic model.
As a consequence, the equilibrium choices of the central bank and the public will be

linear functions of the current shocks and lagged endogenous economic variables.

We would like to emphasize that we require expectations to be rational. Thus, in an
equilibrium where the private sector makes its choices dependent on memory because
it expects the central bank to respond to memory in the future, the central bank will
in fact find it optimal to respond to m; in the way expected by the agents in the
economy. Our equilibrium concept, MDE, will be defined formally in the next section.
We will see that the class of MDEs contains the traditional discretionary solution,

which constitutes a Markov perfect equilibrium, as a special case.



3 Equilibrium Concept

For a formal definition of MDESs, a few preliminary steps are necessary. In each period t,

we introduce the vector of state variables as

St = (mt; &t ,Ut)- (5)

We assume that, in equilibrium, the private sector’s choices of m; and y; will be linear

functions of these state variables. Thus, we can write

T o= Ypme+YE& + Y, (6)

Yo = Upmy + LG+ U, (7)

where the ¢’s are coefficients left to be determined. We follow the previous literature
(Oudiz and Sachs (1984), Backus and Driffill (1986), and Blake and Kirsanova (2012))
in assuming stationary private-sector behavior and central bank policies. Thus the ’s

are independent of time.

Equations (6) and (7) imply that the expectations about inflation and the output gap

can be written as

Eilmea] = dnmie =Yg, (dmmmy + ¢rme + Gyye + @iie) (8)

Eilyer] = imer = 8 (dmmy + Oxmi + Gy + Gity) (9)
where we have taken into account E;[¢;11] = E[p41] = 0 and used (4) to replace my .

With the help of (8) and (9), we can combine (1) and (2) to derive equations specifying
the private-sector responses to the central bank’s policy i;. We use P(it, s;) for the
private sector’s choice of inflation and Y(i;, s;) for the respective choice of output

gap.'® These expressions are stated formally in Appendix A.

16 At this point, one might wonder about the difference between P(is, s;) and the expression for
m¢ described in (6), which does not depend on i;. The latter expression describes the equilibrium
behavior of inflation under the assumption that the central bank chooses its equilibrium policy. Using
the central bank’s equilibrium choice of i;, which is a function of s; only, to substitute for i; in P (i, s¢)
yields an expression for m; that depends only on the state s; like the expression for 7 in (6).



Given the private sector responses P (i, s;) and Y(is, s;), the central bank’s optimal

behavior is described by the following Bellman equation:

1t

.1 : a .
V(s:) = min q o (P(ir, St))2 + - V(i St>)2 + BEV (5141)
2 2 (10)
s.t. myp1 = Gmmy + O P(iy, $¢) + ¢yy(it, St) + @iy
In Appendix B, we draw on this Bellman equation to derive the following condition for

optimal central bank behavior:

((1 YT — wg;@-) . (qsy _ %)) "

+a (1 — Ui — BT dn — Wﬁi) v -

o
=B¢m (KE[m1] + aly[yi11])

This equation is somewhat unwieldy and difficult to interpret. In contrast with the
optimality condition for the standard discretionary equilibrium, 0 = km; + ay; (see
Clarida et al. (1999, Eq. (3.3), p. 1672)), it depends on expectations about future
inflation and the output gap. This is a consequence of the observation that monetary
policy in period t potentially affects economic variables in the next period ¢+ 1 because
these may depend on m;,, and thereby on 7, y;, and ;. We will see in the next section
that condition (11) contains the optimality condition for the standard discretionary

equilibrium as a special case.

We can now define an MDE for the canonical New Keynesian model:

Definition 1. For a given initial value mg € R, an MDFE is a mapping from all possible
paths of shocks {&}2°, and {p:}22, to paths of inflation, the output gap and the interest
rate, i.e. {m} 20, {Ut}i20, {it}520, for which the following two properties hold.

1. Equations (1), (2), (4), (6), (7), and (11) hold for all periods t = 0,1, ....

2. For all possible initial states po and &y, limy o Eolm] = 0 and lim;_,o Eoy,] =
0‘17
"Tn the knife-edge case my = 0, we postulate lim; ., Eo[m;] = 0 and limy_,o Egly;] = 0 for all

admissible values of mg, ug, and &.

10



We note that this definition implies that each MDE can be characterized by a tuple of

coefficients ( ;Tl,wg, i %,1/)?, za¢ma¢7ﬁ¢y7¢i).

While the first condition in Definition 1 follows from our previous arguments, the
second condition is imposed to rule out explosive equilibria. Ruling out explosive
solutions is in the tradition of Blanchard and Kahn (1980) and ensures that a first-order
approximation of the private sector’s behavior is adequate. Sims (2002) argues that
this approach is too restrictive in linear-quadratic models with rational expectations
and proposes to exclude only the solutions growing at a rate higher than 1/4/f, as only
these would violate transversality conditions. Imposing this looser condition would lead

to an even larger set of equilibria and thereby would strengthen our findings.

4 Characterization of MDEs

Before characterizing the entire set of MDEs, we confirm that the standard discre-
tionary equilibrium found in the literature (Clarida et al., 1999) is an MDE. For this
purpose, we observe that ¢ = ¢¥ = 0 entails E;[m41] = Ei[y:11] = 0 (see (8) and (9)),
which in turn implies that (11) becomes 0 = km; + ay;. This is the standard condition
obtained in the literature for the discretionary equilibrium (see Clarida et al. (1999,
Eq. (3.3), p. 1672)).'® Inserting E;[m, 1] = 0 into the Phillips curve (1) enables us to
compute expressions for inflation and the output gap. Hence, we immediately obtain
the following lemma:

Lemma 1. The standard discretionary equilibrium, where

a
e = a+/{2§t> (12)
K
Ye = _a+li2£t7 (13)

1s an MDE.

I8Recall that we focus on shocks that are not persistent. Thus, in contrast with Clarida et al.
(1999), the expectations about future output and inflation are unaffected by current shocks, i.e.

E¢[mi11] = E¢[ye11] = 0.

11



As is well-known, in the standard discretionary equilibrium the central bank can fully
stabilize demand shocks p;, which therefore do not affect inflation and output. In the
presence of markup shocks &, an influence of these shocks on inflation can typically
not be avoided. How strongly these shocks affect inflation depends on a, the central
bank’s weight on output stabilization in its loss function. According to (13), output is

less affected by markup shocks when a is high.

Obviously, Lemma 1 establishes the existence of an MDE in our economy. It is unclear
as yet whether additional MDEs exist. The following Lemma introduces an invariance
property, which will be useful for the characterization of additional MDZEs:

Lemma 2. Suppose that, for a given initial wvalue of mgy, an MDE can
be characterized by the tuple (Y7, YF, V5,3, ¢é’, Yy Oms Oy Dys Di)- Then the

same MDE can also be characterized by (A;TI,@/A)g, AZ, A}%,lﬁé’, Az,qgm,qgmgzgy,gzgi)

(A@D;, VLT, MY, Wg, 4y Oy %gbm §¢y7 §¢z) VA # 0 for the initial value g = mg/\.
The proof is straightforward. Taking (4), (6), and (7) into account reveals that the
transformation specified in the lemma scales m; by a factor 1/\ but leaves the paths

of all economically meaningful variables {m };2,, {v:}:2, and {i;}$2, unchanged.

It is immediate to see that the standard discretionary equilibrium described in Lemma 1
fulfills this invariance property because vy, V%, ¢, ¢,, and ¢; are all zero in this

case. Lemma 2 has the consequence that we will be able to normalize the coeffi-

s

cients (Y5, V7, ¥, gl,?ﬂg, Yy Oms s Gy, Pi) N @ convenient way.

The following proposition, which is proved in Appendix C, characterizes all MDEs
different from the one described in Lemma 1:
Proposition 1. All MDEs that differ from the equilibrium characterized in Lemma 1

can be constructed in the following way.
1. Normalize ¥], = 1.

2. Pick arbitrary (YY,, dm, ¢;) with ¢, # 0 and VY, € (%, %) \ L.

12



8. For given (4, ¢m,®:i), the unique solutions for f, wé’, Grs By, V7, and P
are determined by Equations (28), (31), (33), (34), (37), and (38), specified in
Appendix C.

The set L contains at most four points and is defined in Appendix C.**

In line with Proposition 1, we can define A := ((£=2,22)\L) x (R\ {0}) x R as
the set of admissible combinations of (¢, ¢, ¢;). Each of these combinations leads
to a unique solution for ¢r, ¢y, V7, ¥y, ¥f, and wg. Hence we will use in the follow-
ing the terminology that a particular combination (Y, ¢,,,$;) € A characterizes an

equilibrium.

In line with Lemma 2, it has been possible to normalize 1], to one in Proposition 1.

For this normalization, m; equals past inflation expectations:
my = Et—l[ﬂ-t]a (14)

which is easily verified from (6). Hence lagged inflation expectations can be interpreted
as a state variable in our framework.?’ It is instructive to look at the dynamics of

inflation expectations. Using (8) and (14), we obtain

Ei 1] = dmEia[m] + dnm + dyyr + dsis. (15)

Note that 7, v, and 4; are functions of the exogenous shocks and m; = E,_;[m;] in equi-
librium. Consequently, we can express E;[m 1] solely as a function of the exogenous
shocks & and p; as well as lagged inflation expectations E;_;[m]. As current expecta-
tions about future inflation depend on past inflation expectations, our theory can be
thought of as providing a role for adaptive expectations formation, thereby reconciling

adaptive and rational expectations.

At this point, we demonstrate the existence of additional MDEs and illustrate the

typical properties of these equilibria by analyzing the impulse responses of output and

YFor 8 =099, k = 0.3, 0 = 1, and a = 0.03, i.e. the parameter values that we will select for
Figure 3, the intersection of L and ((1 — 8)/k, (1 + 3)/k) contains a single point.

20In line with (7), m, is also proportional to past expectations about current output. If we used a
different normalization, we could ensure m; = E;_1[y:].

13
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inflation — — output — - — memoryl l inflation — — output — - — memoryl

Figure 1: Impulse responses of inflation, the output gap, and “memory” for cost-push
shocks (left-hand side) and demand shocks (right-hand side).

inflation for a particular example. For this purpose, we pick specific values for the
exogenous parameters in our model. We adopt the standard values selected by Clarida
et al. (2000). For quarterly data, we choose 5 = 0.99 and x = 0.3. We set o, which
corresponds to the intertemporal elasticity of substitution in the household’s CRRA
utility function of the underlying microeconomic model, to one.?! A derivation of the
social loss function from the utility function of the representative household yields an
expression k/6 for the weight a, where 6 is the elasticity of substitution in the Dixit-
Stiglitz index of aggregate demand (see Woodford (2003, ch. 6, sec. 2)). The markup
under monopolistic competition is 1/(6 — 1) over marginal costs. A plausible markup

of 10% leads to a value of § = 11 and thus a = k/6 ~ 0.03.

For these parameter values, one example MDE is given by ¢; = 0.1, ¢, = —2.522,
¢y = 0.603, o = 3, ¢y, = 1, g = —0.338, ¥ = 0.033, ¢y, = 0.5, ¢é’ = —2.631,
and ¢y = 0.017.22 Figure 1 displays the impulse responses of inflation (solid line), the
output gap (dashed line), and memory (dashed-dotted line) for markup shocks on the
left-hand side and demand shocks on the right-hand side.?® First, it is noteworthy that

21Compare Woodford (2003, ch. 4, sec. 1.2, eq. (1.7)) for the case where the share of private
expenditure in total aggregate demand is one.

220ne might wonder whether ¢,,, > 1 does not lead to explosive dynamics for m; and thereby for ;
and y;. This, however, is not the case because 7y, y¢, and 7; are also functions of m; in equilibrium
(see (4)).

23The impulse responses of the interest rate, which are not displayed, feature a spike at period 0
and a comparably smooth path for later periods.

14



inflation shows a persistent response to both types of shocks, although these shock only
have a direct effect on the economy in period 0. Second, we observe that memory and
inflation are identical from period 1 on. This reflects our earlier finding that memory in
period t corresponds to the one-period lag of inflation expectations, i.e. m; = E;_1[m].
Finally, the figure shows that, both under markup shocks and under demand shocks,
the output gap and inflation have the same sign for all periods ¢ > 1.2* This is in line
with the finding, provided in Appendix C, that ¢}, and ¥, have the same sign in all

MDEs, irrespective of the normalization of 7 .

Our example has demonstrated the existence of multiple equilibria in our framework.
This raises the important question of why such multiplicity arises. The potential for
multiple equilibria can be seen in light of strategic complementarities (see Cooper and
John (1988)). Note that the central bank in each period can only choose the current
interest rate i, but has to take its own behavior in all other periods as given. Thus,
we can interpret an MDE as a strategic interaction of infinitely many central banks,
each of them active in a particular period t. Strategic complementarities arise because
a central bank in period ¢ finds it optimal to respond to memory m; more strongly, the

more strongly the central banks in the future respond to memory.

These strategic complementarities can be understood more clearly with the help of
Figure 2. In this figure, a solid arrow is used to describe the fact that one variable
influences the other. Hence the arrow between the upper-right box and the box below
stands for the presumption that the future central bank will make its policy dependent
on future memory m;,1. In this case, the choices of the private sector, moving after
the central bank, will also be affected by m;y 1. Thus the three boxes on the right
provide an explanation (illustrated by the dashed arrow) for the fact that expectations
in ¢t about inflation and output in ¢t + 1 are affected by period-t expectations about
my+1 (see the two boxes in the middle, connected by the solid arrow pointed at by the

dashed arrow).

24Tn fact, this observation is also true for ¢ > 0 in this example. However, this pattern does not
hold for all MDEs.
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response in ¢ private sector’s choices in ¢ + 1

\ J choices in ¢t + 1 \ J

Figure 2: A diagram illustrating the dynamic complementarities leading to multiple
equilibria. Solid arrows indicate that a variable affects the other. The dashed arrow
indicates that the relationships illustrated by the three boxes on the right provide an
explanation for the respective solid line.

We can now easily interpret the remainder of the figure, starting from the upper-left
corner and moving in the directions indicated by the solid arrows. Due to the recursive
definition of memory (see (4)), current memory influences expectations about future
memory, which in turn affect expectations in ¢t about inflation and output in ¢ + 1,
depicted by the large box at the bottom. The Phillips curve (1) and the IS curve (2)
imply that current output and inflation depend on these expectations (see the bottom-
left arrow, pointing leftwards). Finally, the central bank anticipates that the private
sector’s response will depend on memory m; in period t. As a result, its policy depends
on my as well (see the short arrow on the left, pointing upwards). To sum up, when the
central bank is expected to respond to memory in the future, then it is also optimal

for the central bank to respond to memory currently.

We note that our diagram suggests a crucial feature of additional MDEs: Future mem-
ory, m,1, has to be a function of current memory, m;. Otherwise the link described
by the upper-left arrow would be absent and hence there would be no strategic com-
plementarities between the actions of policy-makers operating in different periods. In
fact, this finding holds generally, as is stated in the following corollary, which is a

consequence of Lemma 1 and Proposition 1:2°

251t is straightforward to see that the standard equilibrium can be represented by parameter con-
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Corollary 1. There is no MDE with ¢, = 0 that differs from the standard equilibrium.

Put differently, no MDE exists where the agents’ choices depend only on one-period

lags of inflation, the output gap, and the interest rate.?¢

In Lemma 2, we have already observed that different sets of coefficients
(Vs VE, U7, %1,1/1?, Y Om, O, By, ¢i) may describe the same equilibrium. This raises
the question of whether the different sets of coefficients whose construction is out-
lined in Proposition 1 actually describe different equilibria. To answer this question,
we introduce some additional terminology. We say that two admissible combinations
(VY O, D), (z@,?{l,qgm,q&) € A characterize the same equilibrium if, for all my € R,
there is an mgy € R such that, for both combinations, the procedure outlined in Propo-
sition 1 leads to the same mapping from exogenous states {u:}:°,, {&}52, to paths
of endogenous variables {m;}7°,, {v:}:20, {it}:2, when the initial value of the memory

variable is mg in the first case and mg in the second case. Two admissible combinations

are said to characterize different equilibria otherwise.

After these steps, we can prove that different combinations of coefficients described in
Proposition 1 indeed correspond to different MDEs:
Proposition 2. Any two different (VY,, o, ¢5), (zﬁffn, B @) € A characterize different

equilibria.

The proof is given in Appendix D. Recall that Proposition 1 implies that ¢; can be any

real number, ¢, can be any non-zero real number, and ¥, can be freely chosen from

(ﬂﬂ

kK 7 K

) \ L. Proposition 2 proves that each combination of these variables delivers
a different equilibrium. Therefore these propositions imply jointly that a continuum of

MDEs exist in our model.

Blake et al. (2013) examine whether the equilibrium multiplicity found in Blake and
Kirsanova (2012) can be eliminated by delegating monetary policy to an authority

with different preferences than society. In a similar vein, one might wonder whether

stellations with ¢, = 0.
26We note that the alternative timing assumption that the central bank and the private sector
move simultaneously in each period allows for such equilibria.
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delegation to a completely conservative central banker would do away with the addi-
tional MDEs in our paper. This, however, is not the case. We would like to stress that
Proposition 2 holds for all admissible parameter constellations, including those with
a = 0. Hence, the delegation of monetary policy to a conservative central bank cannot

implement a unique equilibrium.

We have already highlighted in the Introduction that MDEs can potentially explain
inflation persistence. The next proposition, which is proved in Appendix E, shows
exactly this:

Proposition 3. In all MDEs, the impulse response of inflation to both shocks & and
to for mo = 0 declines exponentially from period 1 on. For arbitrary p € [0,1), it is
possible to construct an MDE for which the impulse responses of inflation to demand

shocks and cost-push shocks decline at this rate, i.e. for which m is proportional to p*

fort=1,23,...

Loosely speaking, the proposition states that MDEs of the canonical New Keynesian

model are compatible with arbitrary degrees of inflation persistence.

5 Welfare Analysis

In the following, we analyze the consequences that different MDEs have for welfare.
More specifically, we compare the additional MDEs characterized in Proposition 1 to
the standard discretionary equilibrium in Lemma 1 and to timeless-perspective com-
mitment. We use the calibration described earlier. In addition, we assume that the
variances of cost-push shocks and of demand shocks are identical. We stress that all

our results are not sensitive to this assumption.?”

At this point, a few words are in order regarding our welfare measure. We use the cri-

terion traditionally employed in the literature, namely the unconditional expectation

2T At first glance, a larger value of the variance of demand shocks appears to make non-standard
MDEs worse compared to the optimal commitment solution, which is considered in Proposition 4.
This follows from the fact that, in non-standard MDEs, inflation and output are influenced by demand
shocks. However, even for high variances of demand shocks, the statement of Proposition 4 continues
to hold. In these cases, the MDEs with the highest welfare levels guarantee that demand shocks have
a negligible impact on inflation and output.
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of social losses (see the contributions in Taylor (1999), for example). Dennis (2010)
proposes social losses conditional on the predetermined state variables and integrated
over auxiliary state variables as an alternative measure. In our case, the auxiliary
state variables would be mg for MDEs and y_; for timeless-perspective commitment.
More specifically, Dennis (2010) argues that unconditional losses have the disadvan-
tage of disregarding transition dynamics. This point is less relevant in our case because
we merely compare different stationary equilibria and do not consider policy changes.
Moreover, one difficulty of applying his approach to our paper would be that it requires
the calculation of the distribution of the auxiliary state variables mgq or y_; respectively,
conditional on the states & and py. These conditional distributions would be differ-
ent for both equilibria under comparison when we compare two different MDEs or a
specific MDE with timeless-perspective commitment. Hence one would have to make
a somewhat arbitrary decision on which of the two possible distributions to select for

the welfare comparison.

In Appendix F, we compute analytical expressions for social welfare, measured by the
unconditional expectation of social losses, for commitment from a timeless perspective
as well as for arbitrary MDEs, which include the standard discretionary equilibrium as
a special case. Using a grid search, we identify the MDE with the lowest social losses,
which gives us the following result:

Proposition 4. MDFEs can display lower levels of unconditional social losses than the

standard discretionary equilibrium or the timeless-perspective commitment equilibrium.

The proposition shows that some MDEs allow for welfare gains through a smooth
reputational mechanism, where we use the term “smooth” to describe the fact that
small deviations of actual policies from expected policies do not affect future outcomes
strongly. We consider this a plausible feature of our approach compared to a scenario
where the public adopts trigger strategies because small errors in monetary policy-
making or minor misperceptions of the central bank’s strategy by the private sector

are unavoidable for real-life central banks and should not have severe consequences
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for a central bank’s reputation. Importantly, Proposition 4 claims that MDEs can be

socially preferable even to timeless-perspective commitment.?

At first glance, it might appear surprising that equilibria with lower unconditional
losses than the timeless-perspective commitment solution can exist. At this point, it
is important to remember that commitment from a timeless perspective is the solution
that a Ramsey planner would have committed to a long time ago. This solution is
distinct from the stationary policy minimizing unconditional losses. This can be seen
by drawing an analogy. Consider the social planner’s solution for the textbook neoclas-
sical growth model. Assume, for simplicity, a constant efficiency of labor, a constant
population, as well as no disutility from labor.?? The balanced growth path implied
by the social planner’s solution, which is the analogue of the timeless-perspective com-
mitment solution in our model, is not the stationary allocation with the highest utility
of the representative agent, which could be achieved by the golden-rule level of the

capital stock.

It is instructive to examine the socially best MDE more closely. For this purpose
we present the impulse responses of inflation and the output gap to markup shocks
for the socially optimal MDE and the optimal commitment solution from a timeless
perspective (see Figure 3). The impulse responses of inflation and the output gap
are virtually indistinguishable. In particular, we note that both impulse responses
of inflation display an overshooting of the inflation rate to cost-push shocks. This
overshooting is socially desirable in the absence of persistent shocks because a below-
average inflation in the future can counteract the current inflationary pressure exerted

by a positive markup-shock.

It is well-known that under optimal timeless-perspective commitment, inflation and
output are completely unresponsive to demand shocks. While this property does not

hold exactly in the socially best MDE, the response to demand shocks is very small. Our

28This observation is related to Dennis (2010) and Sauer (2010), who prove that discretionary
equilibria can be superior to timeless-perspective commitment in some variants of the New Keynesian
model. However, as has been detailed before, Dennis (2010) uses a different welfare measure than the
one employed here.

29See Acemoglu (2009, Sec. 5.9) for an exposition.
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Figure 3: Impulse response of inflation (left-hand side) and the output gap (right-hand
side) to a cost-push shock.

simulations reveal that the response is the smaller, the higher the variance of demand
shocks. This observation explains why even for high variances of demand shocks, the
socially best MDE can be superior to the optimal policy under commitment from a

timeless perspective.

While the MDE considered in Proposition 4 has particularly benign consequences for

welfare, there are also MDEs with arbitrarily high social losses. This is stated in our

last proposition, which is proved in Appendix G:

Proposition 5. Suppose that at least one of the shocks has strictly positive variance,
2 2

i.e. either o, > 0 or og > 0 or both. Then the unconditional expectation of social

losses implied by MDFEs can be arbitrarily high.

Intuitively, this finding is the consequence of our result that shocks can have arbitrarily
high persistence in our framework. Therefore even shocks with a small but positive
variance can have severe consequence for the unconditional variances of inflation and

output.

It is interesting to contrast our finding of potentially high welfare losses with the
observation in Kurozumi (2008) that the worst sustainable equilibrium is the stan-

dard discretionary equilibrium. According to the sustainable equilibrium concept, the
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policy-maker can pick in each period a complete history-contingent plan for its instru-
ment in the future, subject only to the constraint that he will not find it profitable to
deviate from this plan in the future. Hence, the policy-maker can always deviate to the
path implementing the standard discretionary equilibrium. In our paper, the central
bank can only select its instrument in the current period and has to take its own future
behavior as given.®® As a result, the central bank can be caught in an expectation trap,
where it has to confirm private-sector expectations that correspond to an equilibrium

with a low level of welfare.

6 Conclusions

In this paper, we have shown that the canonical New Keynesian model admits a contin-
uum of discretionary equilibria if we allow private-sector actions as well as the central
bank’s choices to depend on past endogenous states that are not payoff-relevant cur-
rently. We have demonstrated that the additional state variable showing up in our
model is identical to past inflation expectations. Interestingly, the additional discre-
tionary equilibria identified in our paper have the potential to explain the degree of
inflation persistence found in the data. While some memory-dependent discretionary
equilibria have disastrous consequences for welfare, others are superior to the standard

discretionary solution and even to timeless-perspective optimal commitment.

The existence of a continuum of equilibria in our framework raises two questions: First,
does our equilibrium concept lead to any restrictions on the dynamics of the system in
addition to those implied by the Phillips curve and the IS curve? Second, is it possible
to refine our notion of equilibrium in order to reduce the number of equilibria and

thereby to make sharper predictions?

The first question is easy to answer. The first-order condition for the optimal behavior
of the policy-maker, i.e. Eq. (23), involves additional restrictions on the dynamics of

the system. These restrictions constrain the set of admissible coefficients describing

30 As has been mentioned before, the one-shot deviation principle fails to hold in our framework.
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the responses of the policy-maker and the private agents. The second question is more
challenging. Nevertheless we would like to offer a few tentative thoughts. First, one
might be tempted to prefer discretionary policy-making under the Markov assumption
on the grounds that this approach yields a unique equilibrium or at least significantly
less equilibria. However, even if the Markov assumption reduces the set of equilibria
effectively, it is unclear why this restriction should be the economically most relevant
one. Thus our paper highlights that the assumption of Markovian strategies is by no
means innocuous. Second, previous studies on reputation-building by central banks
are also plagued by multiple equilibria. For example, in the seminal paper by Barro
and Gordon (1983) a continuum of what the authors call enforceable rules exist. The
authors therefore consider the case where the policy-maker implements the enforce-
able rule that guarantees minimal social losses. In our context, an application of this
principle would lead to the adoption of the socially best MDE, which was discussed in
Section 4.3! Finally, it would be attractive to develop alternative equilibrium refine-
ments. The approach pursued by Dennis and Kirsanova (2013), who develop a concept
of learnability for discretionary sunspot equilibria, appears to be a fruitful starting

point for further research in this direction.

3'Kurozumi (2008) follows a similar approach.
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A Computation of the Private Sector’s Response

As mentioned in the main text, (8) and (9) can be used to replace E;[m 1] and Ey[y;i1]

in (1) and (2). The resulting expressions

e = By, (Gmmy + Gxy + Gyys + Gite) + Ky + &, (16)

Y = —0 (it — Y, (Gmmy + GrTr + GyYs + Piir)) an
+ VY (P + Gr + Oy + Giie) + 1

can be combined to derive the private sector’s choices of inflation, P(i, s;), and the

output gap, YV(is, s). It is straightforward but tedious to show that this procedure

yields:
Plis, ) = !
S T G (Bt 0R)br + 00y) — Galkbs + by)
X | ((Boi + koo — Boyo)r, + Kpiby, — ko) iy
(18)
+ Om (B + ok )by, + Kh,) my
+ (Boyiby, + k) pe + (1 — odyy, — dy1bt,) §t] )
and

1

y(ih St) :1 o w%((ﬁ + 0'5)¢ﬂ. + U(by) _ w’%/n(’{gbﬂ + ¢y)

X | (0(di + By, + Gy, — 0) it + G (007, + U3r) 1y (19)

+ (1 = Bontbn) b + ¢x (0Uy, +17) ft] :

We note that only combinations of coefficients are admissible for which the denominator

in (18) and (19) is not negative. Thus we obtain

(B + 0K)pr + 0¢y) + 5 (Kdr + by) # 1. (20)

Expressions (18) and (19) are somewhat difficult to interpret in general. In the special

case with ¢, = 1¢¥ = 0, which corresponds to the standard discretionary equilibrium,
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we obtain

Pli,s) = w(—0i+ ) + &, (21)

V(ie, 5¢0) = —0ip + pu. (22)

In this special case, the second equation can be interpreted easily: It represents the
IS curve for Ei|y;+1] = 0. The first equation is the Phillips curve with zero inflation
expectations, wherein the output gap has been replaced by the expression from the
IS equation. The responses of output and inflation are standard in this case: If the
central bank raises interest rates, this lowers output according to the IS curve (22),

and thereby also lowers inflation.

The general expressions (18) and (19) are significantly more complex because changes
in interest rates not only have a direct effect on output and inflation as in (21) and
(22), they also influence these variables through their impact on expectations about

future inflation and output. O]

B Derivation of (11)

The first-order condition of (10) is

T Pi + ayr s + BE Vi (5141)] (0P + oy Vi + ¢i) = 0, (23)

where we have used that, in equilibrium, 7, = P(is, s;) and vy = V(ig, St). Vin(S121)
denotes the derivative of the value function with respect to m;, 1, and P; and )); describe
the partial derivatives of P and ) with respect to 7;. We observe that P; and Y,

correspond to constants due to our assumption of stationarity (see (18) and (19)).

Applying the envelope theorem to (10) gives us the following expression for the value

function’s derivative with respect to my:

Vm(8t> = thm + &ytym + B]Et[vm(st—s—l)] (¢m + ¢71'Pm + ¢yym) (24)
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We shift Equation (24) one period forward, take expectations from period ¢, and use

the resulting expression to substitute for E;[V,,(s¢11)] in (23). This procedure gives

TP+ ay i + B (0xPi + 0y Vi + 0i) (Ei[mi1 Py + aBt [Y441] Vi)

(25)
+ 82 (9nPi + 6y Vi + 60) EiVin(s142)] (b + $xPrm + 6y Vi) = 0.
Shifting (23) one period forward and taking expectations from period ¢ yields
BEVin(st42)] (02 Pi + 0y Yi + ¢i) = —Ei[mei|Pi — aBe[ye+1] V.
This expression can be used to rewrite (25) as
TP + ay i + B (0:Pi + 0y Vi + &) (Bt [m141]Pon + aBi[y441] Vi) (26)

- B (¢m + ¢ﬂpm + ¢yym) (Et[ﬂ-t-i-l]lpi + aEt[?/t-ﬁ-l}yi) =0.

Using (18) and (19) to compute the derivatives of P and ), inserting these expressions

into (26) and simplifying entails (11). O

C Proof of Proposition 1

We divide our analysis of arbitrary, non-standard MDEs into several steps. In our first

step, we show that v} can be normalized to one without loss of generality.

Normalization of 17 ~ We begin our analysis by showing that, if ¢, = 0, we will
always arrive at the standard equilibrium. For this purpose, we note that (16) simplifies
to

T = KYr + &t

Inserting m; and y; from (6) and (7) for ¥ = 0 yields

V& + e =k (vym: + VL& + %yMt) + &

This equation has to hold for arbitrary values of m;. As a result, ¢¥¥ = 0. We have
already shown that ], = ¥ = 0 results in the standard equilibrium. Hence, we
assume Y7 # 0 in the following. According to Lemma 2, it is possible to normalize
Yl = 1 for the remainder of the analysis. Next we will derive a system of equations

that will determine the coefficients (V4,, ¢, ¢x, ¢y, G VT, U7, wg, V).
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Three restrictions on the coefficients, derived from the IS curve and the
Phillips curve The first set of conditions on the coefficients mentioned above can
be obtained by replacing E;[m.;1] and E[y1] in (1) and (2) with the help of (8) and
(9). This produces (16) and (17). Solving (17) for i, and inserting into (16) yields an
equation linear in my, vy, i, &, and m,. Next we can replace 7, and y, by (6) and (7) to
obtain a homogeneous linear equation in the state variables p, &, and m;. Because the
equation has to hold independently of the values of y;, &, and my, the three coefficients

in front of these variables have to be zero. As a result, we obtain three conditions:

(0 = BYY, — wyto — k (VL) + YY) ¢

(27)
+ oy + Bo¥ oy — 0 + Bomo + kplo =0

(Y, — B — kpo + Yfo — o — Y — KYEYY,) ¢ 28)
+ Boybio — oYf + Borio + ko + o =0

(Vo + Uil + B — splo — kil — BiY) ¢ 29)

+ Boyilo + milo — o + Béxo =0

It will be useful for our future analysis that (27) does not depend on (¢f, ¢7, wé’, V).
Moreover, (28) depends on (¢f, wg) but not on (¢}, %), and (29) depends on (¢}, ¥¥)
but not on (YF,¥{).

Three additional conditions, derived from the equation describing optimal
central bank behavior The condition guaranteeing optimal central bank behav-
ior, (11), can be used to generate three additional restrictions on the coefficients. First,
we replace Ey[my1] and Ei[yi1], drawing on (8) and (9). As a result, we obtain an

equation that is linear in 7, v, 4, ft, &, and my.

In the next step, we use (16) to replace ;. Then we substitute for 7; and y, with the help
of (6) and (7). This produces a homogeneous, linear equation in the state variables p,

&, and my. As this condition has to hold independently of the values of u, &, and my,
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the three coefficients in front of these variables must be zero. Consequently, we obtain

three additional equations:
— Gk, — a (Vh)” 6 — 6if + a0 — dmro
— a},B6r0 — a0 Gl + Bdyo + oK by, — Pikio (30)
+ agm (VV)° Ko + Ko — ap¥,o¢; = 0

— ay{og; — achubiy, — VE Y, G + Y Boyo — aliy, é;
+ K2 pmof — U B — VT ko + avio + ako g Vivy, (31)
— 0pmlEk + VTR — Al Bdro + 0Gmk + a0yl =0

— APy, — VKUY G+ U Boy0 — alih ¢ + KX dpol
— VB — Ypkod; + avyo + akodn iy, — ootk (32)
+ YKo — alyBoro — atlog; =0

Hence, according to this and the previous step, the coefficients

Evaluation of (27) and (30) Out of these equations, (27) and (30) are special in

™

that they do not depend on the coefficients associated with the shocks, i.e. ¢, 1/12’, i

and ¢%. Moreover, they are linear in ¢, and ¢,. It is straightforward to verify that
(27) and (30), interpreted as a linear system of equations in ¢, and ¢, are independent.
Hence, for arbitrarily chosen (%, ¢m, ¢i), (27) and (30) give unique solutions for ¢,

and ¢,

Yy Y y2 _ y3 _ y 2
éﬂ' _ _U—;wmqsl_ﬁ—i_’%wm_'_awm a/{/r;pm H2¢m ¢m+l (33)
g B(1+a¢$’n) b
5(1+aw$n) B

Ruling out explosive solutions In equilibrium, the evolution of 7, and ¥, is given
by (6) and (7), which specify 7, and y; as linear functions of the state variables &,

e, and my. The requirements lim,; o, Eo[m;] = 0 and lim; o, Eo[y;] = 0, which were
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introduced in the definition of MDE (see Definition 1), hold for arbitrary values of py,
&y, and my iff

lim Eq[my] =0 (35)

t—o0

holds for all g, &, and my.

Hence we have to analyze the dynamic evolution of m;. More specifically, we solve (16)
for 4, and utilize the resulting expression to replace i; in (4). Then we use (6) and (7)
to substitute for m;, and y;. As a result, we obtain an expression for m,,; as a function
of m; and the shocks & and p;. Condition (35) holds if the coefficient in front of m;
in the expression for my; lies in the interval (—1,+41). It is straightforward to derive
that this condition amounts to # € (—1,+1), which is equivalent to

%e(l_ﬁ,HB). (36)

K K

We obtain as a corollary that ¢¥, is always positive. As we have normalized ], to
one, this implies that both inflation and output are shifted into the same direction by

variations in m;.

Evaluating (29) and (32) After we have analyzed (27) and (30) in detail, we need
to look at the four remaining equations in (27)-(32) more closely. We observe that 1}

and ¥ show up only in (29) and (32) but not in (27), (28), (30), and (31).

For the moment, we focus on the case where ¢,, # 0. The case with ¢, = 0 will be
considered later. Using (33) and (34) to replace ¢, and ¢, in (29) and (32) and solving
for ¢ and ¢ yields

- 2 @0
Y = % (38)

We note that our previous finding ¥ > 0 entails that the signs of 12/7; and 1;;% are
identical. Consequently, demand shocks u; push both inflation and output into the

same direction on impact.
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Evaluating (28) and (31) We observe that (28) and (31) are the only equations in
(27)-(32) that depend on ¥f and 1. As these coefficients enter (28) and (31) linearly,

we obtain unique solutions for ¢z and @D?» given specific values of the other coefficients

( %@7 (Zsm’ (ZSTH (by? ¢i)~32

Ruling out knife-edge cases for which the private-sector responses are un-
defined At this stage, we have to recall that the coefficients must satisfy (20). This
condition guarantees that the denominator in (18) and (19), i.e. in the expressions
describing the private-sector responses P (i, s;) and V(i s;), is different from zero.
Inserting (33) and (34) into (20) yields:
0# f(¥Y) := ak®YY* + k(ako + aB + K? — 2a)yY >
+ (K30 — 2ako + BK? — 2aB3 — 2k* 4 a)YY? (39)
+ (ac + Kk — aBo — 2k*0 — 2BK)YY. — Bro — % + ko
We define L as the set containing all real roots of f(1¥,). As f(¢¥) is a polynomial of

order four, L contains at most four elements. We have to make sure that ¢¥, ¢ L.

The construction of equilibria with ¢,, 70 We combine the findings from our

previous steps. We can find all equilibria with ¢,, # 0 by the following procedure:
1. Normalize 9y, =1

2. Pick arbitrary (4%, ¢, ¢;) With ¢, # 0 and ¢¥, € (=2, H2) \ L.

3. Use (33),(34), (37), and (38) to find the unique solutions for ¢, ¢, ¥7, and ¥¥,
given (’lvb?na gbma gbl)

4. Use (28) and (31) to determine the unique solutions for 17 and /.

321t is tedious but straightforward to show that (28) and (31), interpreted as linear equations of
¥ and 1){, are independent.
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The case ¢,, = 0 Finally, we need to consider the possibility that ¢,, = 0. For
¢m = 0, inserting (33) and (34) into (29) yields ¢; = 0. Together with ¢, = 0, ¢; =0
entails that (33) and (34) simplify to

(40)
st = T3 (41)

Inserting ¢, = 0, ¢; = 0, (40), and (41) into (28) leads to a contradiction. Hence no

solutions exists in this case. O

D Proof of Proposition 2

As a first step, we derive expressions for the output gap y; and inflation 7, as functions of
mo, {piti_o, {&i}ioy. These expressions can be obtained by noting that, in equilibrium,

mqy1 can be expressed recursively as
Mip1 = CuMy + Ce§p + Cufe, (42)

where the coefficients c¢,,, c¢, and ¢, can be determined by combining (4), (6), (7), and
(16). Combining (42) with (6) and (7) yields:

t—1

T = Pn(em)'mo + V& + e + U, Z(Cm)tflfi (ce&i + Cupta) (43)
=0
t—1

ye = Y (cm) Mo+ VL& + Yl + 4> (em) T (ki + cutta) (44)
=0

Two different combinations of parameters (V.. dm, &), (VY. dm, &) € A characterize
identical equilibria iff all coefficients in (43) and (44) in front of the £’s and u’s are the

same in both cases. Equivalently, we have to examine whether different combinations

of (Y4, b, &1), (VY b, &) € A lead to different values of U7, U7, ¥, V¥, cm, ce,

33
and c,,.

33Recall that we have normalized ¥, = 1.
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First, we focus on coefficients 17, ¥¥, ¢, and ¢,,. Recall ¢ = i (see (37)) and Py =

oPm
% (see (38)). When deriving condition (36), which excludes explosive dynamics, we

have implicitly determined c,, as

1 — k¥
Cp = ———. 45
3 (45)
Moreover, it is straightforward to show
¢ 1=k
= . m 46
C# O-(bm B ( )

by using (37) and (38). We note that only the ratio of ¢; and ¢,, but not their levels

influence the values of wg, Yy

Y, and c¢,. We arrive at the preliminary finding that

different levels of ©¥, and ¢;/,, definitely induce different equilibria.

Second, we focus on coefficients ¢, @Z)g, and c¢. It is straightforward but very tedious to
compute expressions for ¢, Wg, and c¢. These expressions, interpreted as functions of

¢; and ¢,, are not homogeneous of degree zero. Together with our previous result that

T

different values of ¥, and ¢;/,, induce different values of ¢,,, i

and ¢y, we arrive
at the conclusion that any two different (¢, ¢, ¢;), (Q/A),yn,ngm,ngz) € A characterize

different equilibria. O

E Proof of Proposition 3

According to (43), the impulse response of inflation to a cost-push shock & = 1 for
t>11is:
T = (Cm)t_lc§7 (47)

where we have used the normalization 97, = 1. Similarly, the impulse response in the

case of a demand shock pp =1 is
T = (cm)' e, (48)

We have already shown that ¢, = % (see (45)). Thus, any value of ¢,,, € [0,1) can
be achieved by selecting the corresponding value of 1)¥,. Together, these findings prove

the proposition. O
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F Proof of Proposition 4

Welfare in an arbitrary MDE We use the unconditional expectation of (3) as a

measure of welfare. For ¢t — oo, (43) and (44) become

T = 7??& + ¢Lr/it + U, Z(Cm)i (cebt1—i + Cuptr—1-i) (49)
i=0

v = VL&A W+l Y (em) (cebimai + Cuptio1i) - (50)
i=0

We are now in a position to derive formal expressions for the unconditional expectations
2 2.
of m; and y;:

(cgag + ciai) (WTn)Q

Efrf] = ()"0 + (v])" 0% + St (51)
252 2 2 2
Elyf] = () 02+ (¥2) 0% + (cé0¢ T;_“Z’;) (¥3) (52)

Welfare in the standard discretionary equilibrium The unconditional vari-
ances of the output gap and inflation in the standard discretionary equilibrium can

be obtained by evaluating (51) and (52) for the special case ¢7 = a/(a + £*),
0Y = —r/(a+ £2), and 4, = 0, = U] = ¥ =0

Blrf] = (7)o = (oo (53)
Ely;] = (wg)%g:ﬁag (54)

For the parameter values specified in Section 4, the unconditional expectation of per-

period social losses is 3E[n7 + ayf] = 0.12500%.

Welfare for a timeless-perspective optimal commitment policy The timeless-
perspective optimal commitment policy is the commitment policy that the central bank
would have committed to a long time ago. It is well known (see Clarida et al. (1999),

pp. 1703-1704) that it can be described by

T o= Om_1 +0(& — &), (55)

KO
Y = OYp1 — Eft, (56)
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where

5_1—\/1—4Ba2' (57)

2ap3
Iterating backward gives
mo= 0&—(1-0)) 8%, (58)
i=1
_ Ny 59
Y¢ = _E; Eii- (59)

From these expressions, it is straightforward to compute the unconditional variances

of inflation and output:

252

Elm] = 1550 (60)
k262 1

Ely;] = ?maﬁ- (61)

The unconditional expectation of per-period social losses amounts to 0.10680’? for the

parameters introduced in Section 4.

Socially Optimal MDEs To identify socially optimal MDEs, we use a grid search
to find the combination of (¥, dm, ¢;) € A that results in the lowest possible welfare.
We note that the respective per-period social losses are ().10470'?, which is lower than

under optimal commitment (0.106807) and in the discretionary case (0.125007). [

G Proof of Proposition 5

According to (45), ¢, can be chosen arbitrarily close to one by selecting a value of
1Y smaller than but close to % Moreover, ¢, can be independently chosen to be a
strictly positive number (see (46)). According to (51), this means that an MDE with
arbitrarily high inflation variance can be found if O'Z > 0. If 03 = 0 and O'g > 0, a

similar argument can be applied. 0
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