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Preface

These are the lecture notes based on [dD23] for the (upcoming) lecture T-systems
with a special emphasis on sparse moment problems and sparse Positivstellensdtze
in the summer semester 2024 at the University of Konstanz.

The main purpose of this lecture is to prove the sparse Positiv- and Nichtnega-
tivstellensitze of Samuel Karlin (1963) and to apply them to the algebraic setting.
That means given finitely many monomials, e.g.

1,x%, 3, x8, %7, x°,
how do all linear combinations of these look like which are strictly positive or
non-negative on some interval [a, b] or [0, =), e.g. describe and even write down
all
f(x)=ap+ a1x* + arx® + asx® + asx’ + asx’

with f(x) > 0or f(x) = 0on [a, b] or [0, ), respectively.

To do this we introduce the theoretical framework in which this question can be
answered: T-systems. We study these T-systems to arrive at Karlin’s Positiv- and
Nichtnegativstellensatz but we also do not hide the limitations of the T-systems
approach.

The main limitation is the Curtis—Mairhuber—Sieklucki Theorem which essen-
tially states that every T-system is only one-dimensional and hence we can only
apply these results to the univariate polynomial case. This can also be understood as
alesson or even a warning that this approach has been investigated and found to fail,
i.e., learning about these results and limitations shall save students and researchers
from following old footpaths which lead to a dead end.

We took great care finding the correct historical references where the results
appeared first but are perfectly aware that like people before we not always succeed.

Konstanz,
February 2024 Philipp J. di Dio
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Chapter 0
Preliminaries

Pure mathematics is, in its way, the poetry of logical ideas.

Albert Einstein [Ein35]|

The purpose of this preliminary chapter is not to establish and prove results but to
clarify notation and to give the reader a survey of what will be assumed as known.

For the representation theorems of linear functionals of Daniell (Signed Daniell’s
Representation Theorem and Riesz (Signed Riesz’ Representation Theo-
rem[0.18) more care is invested since these are the essential representation theorems
in the theory of moments in the following chapters, i.e., we include the proofs.

0.1 Sets, Relations, and Orders

WeletIN :={1,2,3,...} be the natural numbers, INy := {0, 1,2, ..., } be the natural
numbers including zero, and as usual Z, Q, R, and C. The unit circle is denoted by
T:={(x,y) e R?|x*> +y> = 1}.

For inclusions we use C and C. To avoid any confusion we avoid the use of C
since C is used in the literature by different authors either as C or C.

For a set X we denote by £ (X) the set of all subsets of X.

A partial order on a set X is a relation R € X X X, usually denoted by <, such
that

i) x=y & x<yandy<uy,
(i) x<yandy<z = x<z

A relation < is a fotal order if for all x,y € X we have eitherx < yory < x. A
vector space E with a partial order < such that

(i) x<yandzeX = x+z<y+gzg
(ii) x <yanda € [0,00) = ax<ay

is called an ordered vector space. If E is an ordered vector space then E, := {x €
E | 0 < x} denotes the positive cone and E_ := {x € E | x < 0} denoted the negative
cone. Let C C E be a cone in a vector space E. Then E with x < y if and only if
y —x € C is a (partially) ordered vector space.
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For a vector space E a (linear) function f : E — R is called (linear) functional.
For a vector space E the (algebraic) dual E* is the set of all linear functionals
f + E — R. A functional f : E — R is called sublinear if f(px) < pf(x) and
fx+y) < f(x)+ f(y) hold for all p > 0 and x,y € E. It is called superlinear if
—f is sublinear.

Hahn-Banach Theorem 0.1. Let X be a real vector space, let p : X — R be a
sublinear function, V C X be a subspace, and f : V — R be a linear functional
suchthat f(x) < p(x) forallx € V. Then there exists a linear functional F : X —» R
such that

(i) f(x)=F(x)forallx €V, and
(ii) F(x) < p(x) forallx € X.

The Hahn-Banach Theorem 0.1 was proved by H. Hahn [Hah27] and S. Banach
[Ban29al [Ban29bj]. A previous version is due to E. Helly [Hell2|]. For more see e.g.
[P1e07] or standard functional analysis textbooks like [[Yos68), (Wer(Q7].

0.2 Topology

A topology T on aset X is aset 7 C P (X) of subsets of X which is closed under
finite intersections and arbitrary unions, i.e., especially 0, X € 7. (X, 7") is called a
topological space and sets A € 7 are called open. A set A C X is called closed if
X\ A is open. The interior int A of a set A € X is the union of all open sets O C A.
A subset U of a topological space (X, 7) is called a neighborhood of x if x € intU.

A function f : X — Y between two topological spaces X and Y is called
continuous at x € X if for each neighborhood V of y = f(x) the set f~1(V) is a
neighborhood of x. The function f is called continuous if it is continuous at every
x € X. The set of continuous functions f : X — Y is denoted by C(X,Y). A
set K C X is called compact if every open cover K C J;c; Ui, U; € T, has a
finite subcover K C Uj_, U;,. For a function f : X — R we have the support
supp f := {x € X | f(x) # 0}. The set of all continuous functions with compact
support are denoted by C. (X, R).

A topological space X is called Hausdorff space if each pair of distinct points
x,y € X have disjoint neighborhoods. A Hausdorff space X is called locally compact
if every point x € X has a compact neighborhood. On Hausdorff spaces we have the
following important topological result.

Urysohn’s Lemma 0.2 (see [Ury25])). Let X be a Hausdor{f space. The following
are equivalent:

(i) For every pair of disjoint closed sets A, B C X there exist a neighborhood U
of A and a neighborhood V of B such that U NV = (.

(ii) Foreachpair A, B C X of disjoint closed sets there exists a continuous function
f X — [0,1] such that f(x) =1 forallx € Aand f(y) =0 forally € B.
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0.3 Stone-Weierstrass Theorem

Stone—Weierstrass Theorem 0.3 ([Wei85] and [Sto37), pp. 467—468] or e.g. [Y0s68,
p- 91). Let X be a compact set and let B C C(X, R) be such that

(i) fg.af+BgeBforall f,ge Banda,B R,
(ii) there exists a f € Bwith f > 0on X, and
(iii) forall x,y € X withx # y there is a f € B such that f(x) # f(y)

then for any f € C(X,R) there exists { f,, }new, € B such that
If = falle = 0.
Especially R[x1,...,x,] on any compact K C R", n € N, is dense in C(K, R)
in the sup-norm.

For more on the history of the Stone—Weierstrass Theorem [0.3] see e.g. [Pie07,
§4.5.6-§4.5.8].

0.4 Convex Geometry

A set X is convexif Ax+ (1 —A)y e X forallx,y e Xand 1 € [0,1]. Aset Xisa
cone if Ax € X forallx € X and A € [0, o). For a set A C R" we denote by conv A
the convex hull of A.

Carathéodory’s Theorem 0.4 (see [Carlll]). Let n € IN and let S C R" be a set. If
x € conv A then thereisa k < n+ 1, points x1,...,x; € A, and Ay, ..., > 0 with

X =A1x1 + -+ Agxg and A+ + A =1.

For more on convex geometry we recommend [Roc72]] and [Sch14].

0.5 Linear Algebra

A matrix M = (ai,j)lf'jzl with a; j = ay 1 if i+ j = k +1is called Hankel matrix. For
a sequence s = (Sq)aelNy:|a|<2n With n € INg we denote by

7‘{(S) = (sa+ﬁ)a,,BE]No:|a|,|,B|§n (0.1

the Hankel matrix of s.
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0.6 Measures

For a set X an algebra Ais aset W € P(X) such that @, X € A and forall A, B € A
we have ANB, AUB, A\ B € A.If additionally | J;; | A, € Aforall A, € A then A
called a o-algebra and (X, N) is called a measurable space. By B(IR") we denote
the Borel o-algebra. For A C P(X) we denote by o-(A) the smallest o-algebra
containing A. A function f : (X, ¥) — (Y, B) between two measurable spaces is
called measurable if f~1(B) € U for all B € B.

A measurd!| p is a function p : A — [0, 0] on an algebra A such that y is

countably additive, i.e.,
H (U An) = Z:u(An)
n=1 n=1

for all pairwise disjoint sets A, € A. A measure x on B(RR") is called Borel measure.
A Borel measure yu is called a Radon measure if for every A € B(R") and ¢ > 0
there exists a compact set K. C A such that u(A \ K;) < &. We denote by M(X),
the set of all Borel measures on (X, ). By (X, U, u) we denote a measure space.
A measurable function f : (X, ) — R is called u-integrable if

/ £ ()] da(x) < oo,
X

For any p > 1 we denote by L? (X, u) all u-integrable functions on X. For p = oo,
i.e., L2(X, p), the essential supremum is bounded.

Since we are proving the (signed) Daniell’s Theorem and the (signed) Riesz’
Representation Theorem we will give a more detailed background on measures. For
more on measure theory we recommend [Bog07|] and [EFed69].

Definition 0.5. Let X be a set. A function u : P(X) — [0, co] with

(i) u(0) =0,
(i) u(A) < u(B)forall A C B C X, and
(ifi) u (U2, A;) < 252, u(A;) forall A; € X

is called a (Carathéodory) outer measure.

Definition 0.6. For an outer measure u on X a set A C X is called (Carathéodory)
u-measurable if for every E C X we have u(E) = u(E N A) + u(E \ A).

Remark 0.7. Since by Definition [0.5] (iii) we always have
M(E) =pu((ENA)U(E\A) < u(ENA)+u(E\ A)
it is sufficient for y-measurability to test

H(E) 2 p(ENA)+u(E\ A). 0.2)

! For us all measures are non-negative unless stated otherwise. In [Bog(7| the theory is developed
in greater generality.
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An outer measure is in fact a measure on all its measurable sets.

Theorem 0.8. Let 1 be an outer measure on a set X and A, C P(X) be the set of
all u-measurable sets. Then A, is a o-algebra of X and p is a measure on (X, Ay).

Proof. See e.g. [Bog07, Thm. 1.11.4 (iii)]. O

Outer measures give another characterization of measurable functions.

Lemma 0.9. Let u be an outer measure on X and f : X — [—o0, 0] be a function.
Then f is u-measurable if and only if

u(A) z u({x e Al f(x) <a}) +u({x € Al f(x) 2 b})
forall A C X and —c0 < a < b < co.
Proof. See e.g. [Fed69, §2.3.2(7), pp. 74-75]. O

Definition 0.10. An outer measure u is called regular if for each set A C X there
exists a u-measurable set B C X with A C B and u(A) = u(B).

Definition 0.11. Let f, g : (X, A) — R be two functions. Then we define inf( f, g)
by
inf(f, g)(x) :=inf(f(x),8(x))

for all x € X and similarly sup(f, g). Additionally, f < g iff f(x) < g(x) for all
x € X. We have f, :=sup(f,0), f- = f — fi,and |f| = f+ — f-.

Definition 0.12. Let X be a set. We call a set ¥ of functions f : X — R a lattice
(of functions) if the following holds:

(1) c-feFforallc>0and f € F,

(i) f+geF foral f,g e T,

(iii) inf(f,g) € F forall f,g € F,

@iv) inf(f,c) e ¥ forallc > 0and f € ¥, and
(v) g—feFforall f,g e ¥ with f < g.

Some authors require that a lattice of functions is a vector space (lattice space).
But for proving Daniell’s Representation Theorem [0.13] it is only necessary that a
lattice is a convex cone as in Definition

Example 0.13. Let X be a locally compact Hausdorff space. Then C.(X,R) is a
lattice of functions and even a lattice space. o

Given a lattice ¥ we get another lattice . by taking only the non-negative
functions.

Lemma 0.14 (see e.g. [Fed69, §2.5.1, p. 91]). Let F be a non-empty lattice on a set
X and define
Fr={feF|f=0}

Then
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(i) fos [, |fI € Fiforall f € F and
(i) F+ is a non-empty lattice on X.

Proof. (i): Since inf(f,0) € ¥ and inf(f,0) < f we have f. = sup(f,0) =
f —inf(f,0) € F for all f € F. Since f < fi = sup(f,0) € F we have
f-=fi—feFforall f e F.Itfollows that |f| = fi + f- € F, forall f € F.
(>ii): Since ¥ is non-empty there is a f € ¥ and by (ii) we have |f| € ¥ and
hence | f| € #-. ¥ is a lattice by directly checking the Definition[0.12] |

0.7* Daniell’s Representation Theorem

The question when a linear functional acting on (not necessarily measurable) func-
tions is represented by a measure was already fully answered by P. J. Daniell in 1918
[Danl18|], see also [Dan20].

Nowadays only the Riesz’ Representation Theorem is given in standard
texts for the moment problem. We therefore take the time to present also Daniell’s
approach which is more general and has some interesting features the standard Riesz’
Representation Theorem [0.20|does not have.

Note, that i, / g denotes a sequence (/,),ew With by < hy < ... < g, e,
point-wise non-decreasing, with lim,, %, (x) = g(x) for all x € X. Equivalently,
hn, N\, 0 denotes a point-wise non-increasing sequence with lim, e A, (x) = 0 for
all x € X.

Daniell’s Representation Theorem 0.15 ([Danl8]], see also [Dan20] or [Fed69,
Thm. 2.5.2]). Let F be a lattice of functions on a set X and let L : ¥ — R be such
that

(i) L(f+g8)=L(f)+L(g) forall f,g € F,
(ii) L(c- f)=c-L(f)forallc > 0and f € F,
(iii) L(f) < L(g) forall f,g € F with f < g,
(iv) L(fn) /" L(g)asn — oo forallg € F and f,, € F with f,, / g.

Then there exists a measure yu on (X, A) with
A=c({f((-o.al)aeR, feF}) (0.3)
such that
L) = [ ) duo)
forall f € F.
We follow the proof in [Fed69, Thm. 2.5.2, pp. 92-93].

Proof. By assumption (iii) we have L(f) > L(0- f) =0 forall f € F,.
For any A C X we say a sequence (f,)nen suits A if and only if f,, € # and
fu £ fur forall n € IN and
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lim f,(x) > 1 forallx € A.

Note, that we can even assume equality by replacing the f,,’s by f,, = inf(f,,, 1) € F5.
Then we define

1(A) = inf{ lim L(f,)

(fn)new suits A} 0.4)

which is oo if there is no sequence (f;,)nenN that suits A.

We prove that y is an outer measure, see Definition[0.5] By assumption (iii) L( f;,)
is a non-negative increasing sequence and therefore lim,,,o, L(f;) exists and is in
[0, co]. Hence, u : P(X) — [0, c0]. For A = 0 the zero sequence f, = 0 € ¥ is
suited and therefore (@) = 0. Let A C B C X, then a suited sequence (f;;)nen Of
B is also a suited sequence for A and therefore u(A) < u(B). Let A; C X,i € IN,
and set A := |J;2; A;. Any suited sequence for A is a suited sequences for all A;.
Assume there is an A; which has no suited sequence, then A has no suited sequence
and u(A) = co < 32, u(A;) = co. So assume all A; have suited sequences, say
(fi,n)nen suits A;, i € IN. Then f,, := 37, fi , suits A and

n [e]
W(A) < lim L(f) = lim > L(fin) € D lim L(fim)-
i=1 i=1

Taking the infimum on the right side for all A;’s retains the inequality and gives

o)

U Ai) (A = 3 ),
i=1

i=1

u

Hence, all conditions in Definition[0.5]are fulfilled and u is an outer measure.

Since  is an outer measure on X by Theoremthe set A of all y-measurable
sets of X is a o-algebra and y is a measure on (X, A).

It remains to show that all f € F are u-measurable, u is a measure on (X, A)
with A = c({f~'((~e0,a]) |a € R, f € F}), and L(f) = fX f(x) du(x) for all
feTF.

Since f = f; — f- with fi, f- € ¥, it is sufficient to show that every function in
¥, is u-measurable. So let f € 7. To show that f is y-measurable it is sufficient to
show that A := f~'((=c0,a]) = {x e X|f(x) < a} € Aforalla € R,ie., Ais
u-measurable by Definition [0.6]resp. Remark [0.7]if holds for all E € X. From
ENA=ENn(X\A)=En{xeX|f(x)>a} wehave to verify

H(E) > p({x € E| f(x) < a}) +u({x € E| f(x) > a})
and by Lemma [0.9]this is equivalent to

WE) 2 p(fr e E|f() sa}) +u(tr e EIf0) 2 b)) (05)

=E, =E
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foralla < b.Fora < Qor u(E) = oo (0.3)) is trivial, so assume ¢ > 0 and u(E) < oco.
Let (gn)ne be a sequence that suits £ and set

h:=(b-a)~'[inf(f,b) —inf(f,a)] € F»  and  k, :=inf(gn, h) € F.
Then we have 0 < k41 — kn < gntl — &ns

h(x)=1 for all x € X with f(x) > b,
and

h(x)=0 for all x € X with f(x) < a.
It follows that (k,),ew suits Ep and (g, — kn)nen suits E,. Therefore,
lim L(gn) = lim [L(gn = kn) + L(kn)] 2 p(Eq) + p(Ep)

and taking the infimum on the left side retains the inequality and proves (0.5)). Hence,
all f € 7, and therefore all f € ¥ are u-measurable.
Let us show that u remains a measure on (X, A). Since all f € ¥ are u- and
A-measurable we have
7 (-o0,a]) € A

forall @ € R and f € ¥. Therefore,
A=c({f'((~0,a])|a€R, feF}) CA

is a o-algebra and we can restrict y resp. A to A. u is a measure on (X, A).
We show that L(f) = fX f(x) du(x) holds for all f € F+. Let f € ¥, and set

fy =inf(f,1)
fort > 0.If e > 0and k € IN then

0 < fre(x) = fie-ne(x) <& forallx € X,
fre(®) = fie-1)e(x) =& forallx € X with f(x) > ke,

and
fre(x) = fae-1ye(x) =0 forallx € X with f(x) < (k- 1)e.

The constant sequence (7! - (fis — fk=1)&))new suits {x € X| f(x) > ke} and
consequently

L(fis ~ fienre) = & u({x € X | f(x) > ke})
> /X Sty o () = fe () d(x)
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2e-u({x € X|f(x) 2 (k+De}) 2 L(fre2)e = fksn)e)-

Summing with respect to k from 1 to n we find

L(foe) > /X Fonrtye () = fo(0) du(®) = Lfimare — fro)

and since f,. /" f as n — oo we get from assumption (iv) for n — oo

L(f) > /X FO) = fo@) du() = L(f - fos)

which gives again from assumption (iv) for € \, 0

L(f) = /X £ dux) > L(f).

Hence, L(f) = fX f(x) du(x) forall f € F.
Finally, for all f € ¥ we have f = f, — f_ with f, f- € ¥, which implies

/ () du(x) = / o) dpu(x) - / (0 du(x) = L(fy) - L(f2) = L(f)
X X X

where the last equality follows from f. = f + f_ and assumption (i). O

The most impressive part is that the functional L : ¥ — R lives only on a
lattice ¥ of functions f : X — R where X is a set without any structure. Daniell’s
Representation Theorem [0.15] provides a representing measure u by including
the o-algebra A of the measurable space (X, A) by (0.3).

Remark 0.16. In Daniell’s Representation Theorem [0.13] the assumption (iv) is
equivalent to

(iv’) L(hy) \y0asn — oo forall h, € F with h, \,0asn —
since f, /" g implies f, < gand0 < h, =g - f, € F:

L(g)=L(g— fu+fn) =L(g~— fu) + L(fn) = L(hy) + L(fy). °
—_—— ——
/L(g) NO

The representing measure u in Daniell’s Representation Theorem is not
unique. But the representing measure u constructed in has further properties,
see e.g. [Fed69, §2.5.3].

Daniell’s Representation Theorem [0.15]also has a signed version.

Signed Daniell’s Representation Theorem 0.17 ([Dan18], see also [Fed69, Thm.
2.5.5]). Let F be a lattice of functions on some set X and let L : ¥ — R be such
that for all f,g, hy, hy, hs,... € F we have
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(a) L(f +g) = L(f)+L(g),

(b) L(c- f)=c-L(f)forallc >0,

(c) supL({k e F|0 <k < f}) < oo,

(d) h, /" g asn — oo implies L(h,) — L(g) asn — oo.

Let L, and L_ be the functionals on F, defined by
Li(f) :=supL({k e F|10 <k < f})
and
L.(f)=—infL({keF|0<k<[f})
for all f € F4. Then there exist F.. regular measures u, and u— on X such that
(i) Le(f) = [ f(x) dus(x) for all f € F,

(i) L-(f) = [, f(x) du_(x) for all f € F+, and
(iit) L(f) = Le(f) = L_(f) for all f € F.
The proof is taken from [Fed69, pp. 96-97] and uses Daniell’s Representation
Theorem [0.13]

Proof. Let fi € ;. Then f > g € ¥, implies f > f —g € . and

L(g) = L-(f) < L(g) + L(f = &) < L(8) + L+(f).

Hence,
Li(f) = L-(f) < L(f) < -L_(f)+L.(f)
so that
L(f) = L.(f) = L-(f).
Now let f,g € F;. If f+g > h € F; then

fzk:=inf(f,h)eFr and g>h-keF;

and hence
Li(f)+L+(8) = L(k) + L(h—k) =L(h).

Therefore, L, (f)+L+(g) = L+(f+g). Since the opposite inequality is clear, we have
that L, is additive on .. Additionally, L. is positively homogeneous and monotone.

We now show that L, preserves increasing convergence. Suppose h, /" g as
n /" cowith g, h, € F,. If g > k € 4 then f,, ;= inf(h,, k) /S kasn / o,ie.,

L(k) = lim L(f,) < lim Ly (hy).

Hence, L,(h,) /" Li(g) asn /" co. By Daniell’s Representation Theorem we
have that there is a 7 regular measure p, on X such that L, (f) = / f(x) duy(x)
forall f € F..

Similarly, we have L_(f) = f f(x) du—(x) for some measure u_ on X. O
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0.8 Riesz’ Representation Theorem

The Riesz’ Representation Theorem was developed in several stages. A first
version for continuous functions on the unit interval [0, 1] is due to F. Riesz [Rie09].
It was extended by Markov to some non-compact spaces [Mar38] and then by
Kakutani to locally compact Hausdorff spaces [Kak41]]. It is therefore sometimes
also called the Riesz—Markov—Kakutani Representation Theorem.

However, we will see now that the general version already follows from the Signed
Daniell’s Representation Theorem [0.17]and Daniell’s Representation Theorem[0.13]
from 1918 [Danl18] combined with Urysohn’s Lemmafrom 1925 [[Ury23], see
also [Fed69, Sect. 2.5]. Urysohn’s Lemma is used to ensure that C.(X, R) is
large enough.

At first let us give the signed version.

Signed Riesz’ Representation Theorem 0.18 (see e.g. [Fed69, Thm. 2.5.13]). Let
X be a locally compact Hausdorff space. If L : C.(X,R) — R is a linear functional
such that

supL({g € C.(X,R)|0<g< f}) < (0.6)

forall f € C.(X,R), then there exist C.(X, R) regular measures u, and u_ such
that

L= [ 0 )= [ 10 o
forall f € C.(X,R).
The following proof is taken from [Fed69, Thm. 2.5.13, pp. 106—107].

Proof. 1t is sufficient to verify condition (d) in the Signed Daniell’s Representation
Theorem [0.17

Let g, h1, hy, ... € C.(X,R), be such that i, /' g as n — oo. By Urysohn’s
Lemma|0.2|there exists a f € C.(X,R); such that f(x) = 1 for all x € supp g. Then

c=sup{|L(k)||k € Cc(X,R)and 0 < k < f} < oo.
For each £ > 0 the intersection of all compact sets
Sy ={xeX|gkx) = h,(x)+¢&}

is empty. Since S,4+; C S, for all n € IN it follows that S,, = @ when 7 is sufficiently
large. But S, = 0 implies 0 < g — h,, < ef and |L(g — h,)| < &c which proves
condition (d). |

Corollary 0.19 (see e.g. [Fed69, §2.5.14]). If in the Signed Riesz’ Representation
Theorem[0.18 we additionally have that the topology of X has a countable base then
U+ and p_ are Radon measures.

Since positivity of L on C. (X, R), implies by
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0<gs<sf = 0<f-g = 0<L(f-g) = 0=<L(g) <L(f) <
we have as an immediate consequence of the Signed Riesz’ Representation Theo-

rem the non-negative version.

Riesz’ Representation Theorem 0.20. Let X be a locally compact Hausdorf space
and L : C.(X,R) — R be a non-negative linear functional on C.(X,R);. Then
there exists a measure u on X such that

L(f) = /X F(x) du(x)

forall f € C.(X,R).
If additionally X as a topological space has a countable base then u can be
chosen to be a Radon measure.

From a topological point of view measures can also be introduced abstractly as
linear functionals over certain spaces, see e.g. [Ire67, p. 216]. The Riesz representa-
tion theorem is then used to show the equivalence of the measure theoretic approach
and the topological approach.

0.9* Riesz Decomposition

The results in this section about the Riesz decomposition will be used only in
Theorem [2.13](ii) about adapted cones and extensions of linear functionals on these.
Theorem [2.13]is not used for the T-systems and can be omitted on first reading.

In Definition[0.12] we introduced lattices. Lattice spaces fulfill the following.

Riesz Decomposition Lemma 0.21 (see e.g. [Cho69, Lem. 10.5]). Let ¥ be a lattice
space and x,y1,y2 = 0 with x < y{ + y». Then there exist x1,x, > 0 such that

X=x1+x2, x1<y1, and x3 <y

hold.

While the previous results holds for lattice spaces, also other spaces have this
property.
Definition 0.22. Let F be an ordered vector space. We say F has the Riesz decom-
position property if
XLyLy2€F,ix<yi+y; = dxj,x€F :ix=x3+x2, x; £y, x2 < yo.
0.7)

We have the following corollary.

Corollary 0.23 (see e.g. [Cho69, Cor. 10.6]). Let F be an ordered vector space with
the Riesz decomposition property, let x1,...,x, € Fy, and let y1,...,Vm € Fy with
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Chapter 1
Moments and Moment Functionals

Extremes in nature equal ends produce;
In man they join to some mysterious use.

Alexander Pope: Essay on Man, Epistle 11

In this chapter we deal with the basics of moments and moment functionals. More
on moments and moment functionals can be found e.g. in [Schl7, [Lau09, Mar(08]
and the classical literature [ST43,/AK62, [KN77].

1.1 Moments and Moment Functionals

Definition 1.1. Let (X, %, u) be a measure space and let f : X — R be a u-
integrable function. The real number

/ () du(x)
X

is called the f-moment of u.

The name moment comes from the most famous example of moments: X = R?
and f(x,y,2) = fa(x,y,2) =x™ - y*2 - 2%, Then

/}R%<x2+y2> p(roy.2) dr dy dz

is the z-rotational moment of a body with mass distribution p in R3.
In the modern theory of moments the investigation is about moment functionals.

Definition 1.2. Let (X, %) be a measurable space and let V be a vector space of
real-valued measurable functions on (X, ). A linear functional L : V — R is
called a moment functional if there exists a measure u such that

L(f) = /X () du(x) (L)

for all f € V. Any measure u such that (I.1)) holds is called a representing measure
of L. We denote by M(L) the set of all representing measures of L.

17
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Corollary 1.3. Let (X, ) be a measurable space, V be a space of measurable
functions f : X — R, and let L : 'V — R be a moment functional. Then M(L) is
convex.

Proof. See Problem[1.2] O

While a moment functional comes from a measure, conversely a measure y gives
a moment functional on u-integrable functions.

Definition 1.4. Let (X, ) be a measurable space and let V' be a vector space
of measurable functions on (X, ). Given a measure u such that all f € V are
p-integrable then

L,:V—->R, fwL,(f) :=/Xf(x)d,u(x)

is the moment functional generated by u.

We did not give any restrictions to the possible representing measures y of a
moment functional L. In practice and hence also in theory restrictions can and even
must be made, e.g., supp ¢ C K for some K € U.

Definition 1.5. Let (X, W) be a measurable space, K € U be a measurable set, let
V be a vector space of measurable functions f : X — R, andletL : ¥V — Rbea
linear functional. We call L to be a K-moment functional if there exists a measure u
on X such that

LU = [ ) duo)
forall f € V and suppu C K.

A linear functional L : ¥V — R can also be described by the numbers s; := L( f;)
for a basis {f;};e; of V.

Definition 1.6. Let (X, A) be a measurable space, let V be a space of measurable
functions f : X — IR with basis {f;};c; for some index set I. Given any real
sequence s = (s;);¢; the linear functional L : V — R defined by

Lg(f) :=s;

for all i € I is called the Riesz functional of s. The sequence s is called a moment
sequence if Ly : 'V — R is a moment functional.

Example 1.7. Let n € IN, X = R” with A = B(R") the Borel o-algebra, and let
V =R[xy,...,x,] be the ring of polynomials. Then a real sequence s = (sa)(,e]Ng
gives a linear functional Ly : R[x1,...,x,] = R by Lg(x?) := s, for all @ € INj.
The matrix H(s) = (saﬁg)a,,gemg is the Hankel matrix of the sequence s (resp. the
linear functional Ly). o

In practice and hence also in theory we have the special case that V is finite
dimensional.
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Definition 1.8. Let (X, %) be a measurable space, let V be a vector space of
measurable functions f : X — R, and L : V — R be a moment functional. Then
L is called a truncated moment functional if V is finite dimensional.

1.2 Determinacy and Indeterminacy

We introduced the set of all representing measures M (L) of a moment functional in
Definition We have the special and important case when M(L) is a singleton,
i.e., the moment functional L has a unique representing measure.

Definition 1.9. Let (X, ) be a measurable space, V areal vector space of measur-
able functions f : X — R, and let L : V — R be a moment functional. If M(L) is
a singleton, i.e., L has a unique representing measure, then L is called determinate.
Otherwise it is call indeterminate.

Corollary 1.10. Let (X, W) be a measurable space, V a real vector space of
measurable functions f : X — R, and let L : V — R be an indeterminate moment
functional. Then L has infinitely many representing measures.

Proof. See Problem[1.3] O
The first example of an indeterminate moment functional/sequence was given by
T. J. Stieltjes [St194]. In [St194, p. J.105, §55] he states that all
sk:/ xk-(1+c.sin(\4/)_c))~e_<‘/;dx (k € INp)
0

are independent on ¢ € [—1,1].
The first explicit example then follows in [Sti94, pp. J.106-J.107, §56].
Example 1.11 (see [Sti94] pp. J.106-J.107, §56]). Let c € [-1, 1] and
1 1
x) = — -exp |—=(Inx)?
73 = <z -exp -3 n0?)

for all x € [0, 00). Then the measure u. € M(R) defined by
duc(x) :==[l+c-sin2rlnx)] - f(x) dx
has the moments
Sk = /Omxk dpte (x) = e3 <+’
for all £ € Ny, i.e., independent on ¢ € [-1, 1]. o

Criteria for determinacy and indeterminacy are well-studied, see e.g. [Sch17]] and
reference therein.
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Problems

1.1 Let n € N and let L : R[xy,...,x,] — IR be a moment functional with a
representing measure u such that supp u € K for some compact K ¢ R"*. Show that
L is determinate, i.e., show that u is the unique representing measure of L.

Hint: Use the Stone-~Weierstrass Theorem [0.3]

1.2 Prove Corollary[I.3]

1.3 Prove Corollary



Chapter 2
Choquet’s Theory and Adapted Spaces

Progress imposes not only new possibilities for the future
but new restrictions.

Norbert Wiener [Wie88l p. 46]

This chapter is devoted to the theory of Choquet and the concept of adapted spaces.
The results can also be found in e.g. [Cho69\ [Phe01},|Sch17].

2.1 Extensions of Linear Functionals preserving Positivity

We remind the reader that a convex cone C C F in a real vector space F induces an
order < on F, i.e., for any x,y € F we have x < y iff y —x € C, see Section[0.1]

Lemma 2.1 (see e.g. [Cho69, Prop. 34.1]). Let F be a real vector space, E C F be
a linear subspace, and let C C F be a convex cone which induces the order < on F.
Then the following are equivalent:

(i) F + C is a vector space.
(ii) F+C=F - C.
(iii) Any x € (F+ C) U (F — C) is majorized by some 7 € F, i.e., x < 7, and is
minorized by some y € F, i.e., y < X.

Proof. See Problem[2.1] O

Definition 2.2. Let F' be a real vector space and C C F' be a convex cone. A linear
functional L : F — R is called C-positive if L(f) > 0 holds for all f € C. L is
called strictly C-positive if L(f) > 0 holds for all f € C \ {0}.

Theorem 2.3 (see e.g. [Cho69, Thm. 34.2]). Let F be a real vector space, E C F
be a linear subspace, and C C F be a convex cone with F = E + C. Then any
(CNE)-positive linear functional L : E — R can be extended to a C-positive linear
functional L : F — R.

The extension L is unique if and only if for all x € E we have

sup{L(y) |y <x, y € F} =inf{L(y) [x <y, y € F}. (2.1)

21



22 2 Choquet’s Theory and Adapted Spaces

The proof is taken from [[Cho69) vol. 2, p. 270-271]. It adapts the idea behind the
proof of the Hahn—Banach Theorem [0.1}

Proof. Let H = {(H, h)}H subspace: EcHcF Where h : H — R extends L. The
family H has a natural order by the extension property, i.e., we have (Hy, k1) <
(Hy, hp) if hy : Hy — R is an extension of &} : H] — R. By Zorn’s Lemma H has
a maximal element (G, g). We have to show G = F. For that it is sufficient that E is
a hyperplane in F and L can be extended to F'.

Let xo € F \ E. By Lemma [2.1] (iii) there exist y,z € E with y < xo < z. We
define

a:=sup{L(y)|y<xoandy € E}

and
B :=inf{L(z) |xo < zand z € E}.

Since L is C-positive we have @ < 8 and any extension L must satisfy @ < L(xg) < S.

We show that for each y € [a, 3] there exists an extension L with L(xo) = .
Each point u € F can be uniquely written as u = y — Axo withy € E and 1 € R.
Define L(u) := L(y)—Ay. Then L is a linear extension of L and we have to show that
L is C-positive. Let u € C, i.e., y > Axo. If 2 > 0 then xo < y/A and 8 < L(y/A).
Hence, L(y) > A > Ay and so L(u) > 0. If on the other hand A < 0 then x¢ > y/A
and @ > L(y/A) which implies L(y) > de > Ay and L(u) > 0. At last, if 1 = 0
then L(u) = L(y) > 0. In summary, we proved that L is C-positive.

For the uniqueness it is sufficient to note that if holds for all x € E then L is
uniquely determined since every extension L arises from this construction. If on the
other hand a < 3, i.e., does not hold, then some extension (H, h) € H is not
unique for H and consequently L is not a unique extension of L. |

From the previous proof we see that by redoing the proof of the Hahn—Banach
Theorem the uniqueness criteria (2.1)) can be incorporated. A second proof using the
Hahn-Banach Theorem is much shorter but loses the uniqueness condition ([2.1),
see e.g. [Schl7, Prop. 1.7].

A third proof of Theorem [2.3|follows from the following lemma.

Lemma 2.4 (see e.g. [Cho69, Prop. 34.3]). Let E be a real vector space, let g :
E — R be superlinear and let h : E — R be sublinear. Then there exists a linear
map f : E — Rsuchthatg < f < h.

Proof. Equip E with the topology of all semi-norms. Then p(x) := sup{A(x), h(—x)}
is a semi-norm and & < p. Since p is continuous and # is convex we have that % is
continuous. Thus g and & can be separated by a closed hyperplane. O

Lemma[2.4]not only gives a third proof of Theorem [2.3]but also has a generaliza-
tion which is known as Strassen’s Theorem [Str63].

Strassen’s Theorem states that if (Y, u) is a measure space, {h, : E — R},cy
is a family of sublinear maps, and let [ : E — R be a linear map with

lsLhydu(y).
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Then there exists a family {/, : E — R},cy of linear maps [, with [, < h, such

that
ZZ/ Ly du(y).
Yy

For more on Strassen’s Theorem see e.g. [Edw78) [Ska93| ILin99] and references
therein.

2.2 Adapted Spaces of Continuous Functions

We now come to the adapted spaces. To define them we need the following.

Definition 2.5. Let X be a locally compact Hausdorff space and f, g € C(X, R),.
We say f dominates g if for any € > O there is an h, € C.(X,R) such that
g<ef+hg.

Equivalent expressions are the following.

Lemma 2.6 (see e.g. [Schl7, Lem. 1.4]). Let X be a locally compact Hausdorff
space and let f, g € C(X,R);. Then the following are equivalent:

(i) f dominates g.
(ii) For every € > 0 there exists a compact set K, C X such that g(x) < € - f(x)
holds forall x € X \ K.
(iii) For every € > O there exists an s € Co.(X,R) with 0 < n. < 1 such that

g<e-f+ne-g
Proof. See Problem[2.2] O

The main definition of this chapter is the following.

Definition 2.7. Let X be a locally compact Hausdorff space and let E € C(X, R) be
a vector space. Then E is called an adapted space if the following conditions hold:

(i) E=E,-E4,
(ii) for all x € X thereis a f € E, such that f(x) > 0, and
(iii) every g € E, is dominated by some f € E..

The space C.(X, R), is of special interest because of the Riesz’ Representation
Theorem The following result shows that any g € C.(X,R), is dominated
(and even bounded) by some f € E, for any given adapted space E C C(X, R).

Lemma 2.8. Let X be a locally compact Hausdorff space, g € C.(X,R),, and let
E C C(X,R) be an adapted space. Then there exists a f € E, such that f > g.

Proof. See Problem o
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2.3 Existence of Integral Representations

One important reason adapted spaces have been introduced is to get the following
representation theorem. It is a general version of Haviland’s Theorem and will
be used to solve most moment problems in an efficient way.

Basic Representation Theorem 2.9 (see e.g. [Cho69, Thm. 34.6]). Let X be a
locally compact Hausdorff space, E € C(X,R) be an adapted subspace, and let
L : E — R be a linear functional. The following are equivalent:

(i) The functional L is E.-positive.
(i) L is a moment functional, i.e., there exists a (Radon) measure y on X such that

(a) all f € E are u-integrable and
(b) L(f) = [, f(x) du(x) holds for all f € E.

The following proof is adapted from [[Cho69, vol. 2, p. 276-277].

Proof. The direction (ii) = (i) is clear. It is therefore sufficient to prove (i) = (ii).
Define
F:={feC(X,R)||f] < gforsomeg € E,}. (2.2)

Then F, is a convex cone. We have F = E + F.. To see this let f € F and write
f =-g+ (f+g) where |f| < g for some g € E,, ie, f € E + F, and hence
F C E + F,. The inclusion E + F, C F is clear and we therefore have F = E + F,.
By Theoremwe can extend L to a F,-positive linear functional L : F — R.
By Lemma [2.8| we have C.(X,R) C F and hence by the Riesz’ Representation
Theorem here exists a representing Radon measure y on X of I:|CC (X,R)-
We need to show that u is also a representing measure of L. Let f € E,. Since u

is Radon we have
/Xf(X) dp(x) = sup {/X o(x) du(x) |p € Cc(X,R), ¢ < f} <L(f)=L(f)
(2.3)

and hence f is u-integrable. Since E = E, — E, we have that all f € E are
p-integrable.
Then

K(f) = L(f) - /X Fx) du(x) 2.4)

for all f € F defines a F.-positive linear functional on F which vanishes on
C.(X,R). For every g € E, there is an f € E, dominating g. Let £ > 0 and
he € Co(X,R)besuchthat g < ef +h.. Then 0 < K(g) < - K(f) N 0,i.e.,
K = 0on E; and hence on E which proves that u is a representing measure of L. O

We actually proved that L can be extended to L on F in (2.2) and that y is a
representing measure for L. This is included in (ii-b).
For the uniqueness of the representing measure y of L we have the following.
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Corollary 2.10 (see e.g. [Cho69, Cor. 34.7]). Let X be a locally compact Hausdor{f
space, E € C(X,R) be an adapted space, and let L : E — R be a E.-positive
linear functional. Then the following are equivalent:

(i) The representing measure ( of L from the Basic Representation Theorem[2.9|
is unique.

(ii) For any f € C.(X,R) and &€ > O there are fi, f» € E with fi < f < f» and
0<T(fa-f)<e

Proof. Reformulating (i) we get that the measure u must be uniquely defined by the
extension of L : E — Rto L : E +C.(X,R) — R. By Theorem [2.3]eq. (2.1) this
is equivalent to

sup{L(¢) ¢ < f, ¢ € E} =inf{L(9p) | f < ¢, ¢ € E}.

But this is equivalent to our condition (ii), i.e., we showed (i) & (ii). a

2.4* Adapted Cones

A generalization of adapted spaces is to go to adapted cones, i.e., dropping the vector
space property. This is presented in [Cho69] but not included in [Sch17] and we want
to show it to the reader for the sake (or at least a glimpse) of completeness. It is not
used in the T-systems and can be omitted on first reading.

Definition 2.11. Let F be an ordered vector space and let E C F be a convex cone.
For x,y € F with x, y > 0 we say that y dominates x (relative to E) if for any £ > 0
there exists a z. € E such thatx < gy + z,.

For two convex cones C, E C F, we say that (C, E) are adapted (cones) if every
x € C is dominated by some x’ € C (relative to E) and for each g € E there is an
feCsothatg < f.

The previous definition is a generalization of Definition [2.5] The convex cone C
has the role of C. (X, R);, F has the role of C(X, R), and E is the adapted space.

Lemma 2.12 (see e.g. [Cho69, Prop. 35.3]). Let F be an ordered vector space, let
(C, E) be adapted cones, and let L : E — R be a positive linear functional. Then

L|E=O = L|C=O.

Proof. Letx € C. Since (C, E) are adapted cones there exists a x’ € C such that for
any € > 0 there is a 7, € E with

0<x<ex +z..
Since L > 0 on E we have

0<L(x)<eL(x) 2%
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which proves L|c = 0. O

Theorem 2.13 (see e.g. [Cho69, Thm. 35.4]). Let F be an ordered vector space.

(i) Let C C Fy be a convex cone and let L : C — [0, ) be a positive linear
functional. Define

C:={geF,|g< fforsomexeC}.

Then L has an extension to a positive linear functional L : € — [0, o).
(ii) Let (C, E) be adapted cones suchthat E C C and C has the Riesz decomposition
property . Then for each f € C we have

L(f)=sup{L(g)|g € E withg < f}.

Proof. (i): First, extend L by linearity to the vector space C — C. Let Fyy := C - C.
Then Fp=C-C+C =—-C+C.By Theorem L extends to a C-positive linear
functional on Fyj.

(ii): Define Ly : ¢ — R by

Lo(f) :=sup{L(g) |g € E with g < f}.

Hence, 0 < Lo(f) < L(f) forall f € C. Clearly, Lo(Af) = ALy(f) holds for all
A>0and f € C. Additionally,

Lo(fi+ ) =sup{L(g)|gs € E, g < fi+ fo}

which is by the Riesz decomposition property (0.7)

=sup{L(g1+82)|g1.82 € E, g1 < fi, 82 < o}
= Lo(f1) + Lo(f2)

forall fi, f> € ¢ and hence by linearity extension L is linear on Fj.

We now show at last that L — Lo = 0 on C. Since (C, E) are adapted cones we
have that (C, E) are adapted cones. We have L(f) — Lo(f) = 0 for all f € E and
hence by Lemmawe have L = Lo on C which proves (ii). a

Theorem (ii) is the analogue of extending a Radon measure on C,. (X, R) to
continuous integrable functions.

Example 2.14 (see e.g. [Cho69, Exm. 35.5]). Let (X, U, u) be a measure space.
Let C = (L'(X, )y and E = L=(X, ) N (L (X, p))+. Then (C, E) are adapted
cones. Hence, every positive linear functional is uniquely determined by its values

on LN L1, o
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2.5% Continuity of Positive Linear Functionals

At the end of this chapter we want to point out some continuity results. But we will
leave out the proofs since these results will not be used for our T-system treatment.

Theorem 2.15 (see e.g. [Cho69, Thm. 36.1]). Let E be an ordered Hausdorff
topological vector space such that E = E, — E and let either

(i) intE, #0
or
(ii) E is complete, metrizable, and E. is closed.
Then any positive linear functional L : E — R is continuous.
The previous results holds for general convex pointed cones in E.

Corollary 2.16 (see e.g. [Cho69, Cor. 36.1]). Let E be a Hausdorff topological
vector space and P C E be a convex pointed cone. The following hold:

(i) Ifint P # O then any linear P-positive functional T : E — R is continuous.
(ii) If E is complete, metrizable, P is closed, and E = P — P, then any linear
P-positive functional T : E — R is continuous.

Further conditions for continuity can be found e.g. in [Cho69} Ch. 36] or [SW99].
[Cho69l Ch. 36] also gives results for positive linear functionals on C*-algebras, the
Schwartz space S(IR”, R), Lipschitz functions, and on general vector lattices.

Another direction is more operator theoretic and deals with linear functionals
over algebras. An algebra A is a (complex) vector space with a multiplication
T AXA - A, (a,b) — ab such that

(1) a(bc) = (ab)c,
(ii) (a+b)c =ac+ bc,and
(iii)) a(ab) = (aa)b = a(ab)

foralla,b,c € Aanda € C. Anelement 1 € A is called unit elementif la = a = al
for all a € A. A *-algebra is an algebra with an involution * : A — A, a — a*
that also satisfies (ab)* = b*a* and (@a)* = @a*. A linear functional L : A — C
is called non-negative if L(a*a) > 0 for all a € A. A topological +-algebra is a *-
algebra with a topology 7 such that the multiplication and involution are continuous.
A Fréchet topological =-algebra is a topological algebra which is a Fréchet space,
i.e., a complete metrizable locally convex space. An example is C[xy, ..., x,].
We have the following.

Theorem 2.17 ([X1a59] and [NW72]; or e.g. [Sch90, Thm. 3.6.1]). Let A be a
Fréchet topological +-algebra with unit element and let L : A — C be a linear
Sfunctional. If L is non-negative then it is continuous.

A more general statement is [NW72, Thm. 1]. For more see e.g. [Sch90, Ch. 3.6]
and references therein.
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Problems

2.1 Prove Lemmal2.1l
2.2 Prove Lemmal[2.6l

2.3 Let X be a compact topological Hausdorff space and let E € C(X,R) be a
subspace such that there exists an ¢ € E such that e(x) > 0 for all x € X. Show that
E is an adapted space.

24 Letn € INand X € R” be closed. Show that R[x,...,x,] on X is an adapted
space.

2.5 Letn € IN, X € R” be closed, and let E C R[xy,...,x,] be an adapted space.
Show that if E is finite dimensional then X is compact.

2.6 Prove Lemma[2.8]



Chapter 3
The Classical Moment Problems

Those who cannot remember the past are condemned to repeat it.

George Santayana [San05]]

In this chapter we give several classical solutions of moment problems: the Stieltjes,
Hamburger, and Hausdorff moment problem. Additionally, we collect other clas-
sical results such as Haviland’s Theorem, Richter’s Theorem on the existence of
finitely atomic representing measures for truncated moment functionals, and Boas’
Theorem on the existence of signed representing measures for any linear functional
L:R[x,...,xy] = R.

3.1 Classical Results

In this section we give a chronological list of the early moment problems which have
been solved. We will explicitly discuss the historical (first) proofs of these results.
Our modern proofs here will be based on the Choquet’s theory from Chapter 2] and
for a modern operator theoretic approach see e.g. [Sch17].

The first moment problem was solved by T. J. Stieltjes [Sti94]. He was the first
who fully stated the moment problem, solved the first one, and by doing that also
introduced the integral theory named after him: the Stieltjes integral.

Stieltjes” Theorem 3.1. Let s = (s;)iew, be a real sequence. The following are
equivalent:

(i) sisa [0, 0)-moment sequence (Stieltjes moment sequence).
(ii) Ls(p) = 0forall p € Pos([0, c0)).
(iii) Lg(p?) = 0and Lxs(p?) = Ly(x - p*) > 0 for all p € R[x].
(iv) s and Xs = (si+1)icN, are positive semidefinite.

(v) H(s) = 0and H(Xs) = 0 forall d € Ny.

Proof. See Problem [3.1 ]

In the original proof of Stieltjes’ Theorem Stieltjes [Sti94] does not use
non-negative polynomials. Instead he uses continued fractions and introduces new
sequences which we (nowadays) denote by s and Xs.

29
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Stieltjes only proves (i) < (iv). The implication (i) & (ii) is Haviland’s Theo-
rem (ii) & (iii) is the description of Pos([0, c0)), and (iv) & (v) is a reformulation
of s and Xs being positive semi-definite.

The next moment problem was solved by H. L. Hamburger [Ham20, Satz X and
Existenztheorem (§8, p. 289)].

Hamburger’s Theorem 3.2. Let s = (s;)icN, be a real sequence. The following are
equivalent:

(i) s is a R-moment sequence (Hamburger moment sequence or short moment
sequence).
(ii) Lg(p) = Oforall p € Pos(R).
(iii) Ls(p?) = 0forall p € R[x].
(iv) s is positive semidefinite.

(v) H(s) = 0.
Proof. See Problem[3.2] O

Hamburger proved similar to Stieltjes the equivalence (i) & (iv) via continued
fractions. In [Ham20, Satz XIII] Hamburger solves the full moment problem by
approximation with truncated moment problems. This was later in a slightly more
general framework proved in [Sto01l], see also Section [3.5] Hamburger needed to
assume that the sequence of measures px (which he called “Belegungen” and denoted
by d®¥) (1)) to converge to some measure y (condition 2 of [Ham20, Satz XIII]).
Hamburgers additional condition 2 is nowadays replaced by the vague convergence
and the fact that the solution set of representing measures is vaguely compact [Sch17|
Thm. 1.19], i.e., it assures the existence of a u as required by Hamburger in the
additional condition 2.

Shortly after Hamburger the moment problem on [0, 1] was solved by F. Hausdorff
[Hau21al Satz II and III].

Hausdorfl’s Theorem 3.3. Let s = (s;);cIN, be a real sequence. The following are
equivalent:

(i) sisa [0, 1]-moment sequence (Hausdorff moment sequence).

(ii) Lg(p) = Oforall p € Pos([0, 1]).
(iii) Lg(p?) = 0, Lxs(p*) >0, and L(I_X)S(pz) > 0forall p € R[x].
(iv) s, Xs, and (1 — X)s are positive semidefinite.

(v) H(s) =0, H(Xs) =0, and H((1 - X)s) = 0.
Proof. See Problem[3.3] O

Hausdorft proved the equivalence (i) < (iii) via so called C-sequences. In [Toel1]]
Toeplitz treats general linear averaging methods. In [Hau21a] Hausdorft uses these.
Let the infinite dimensional matrix A = (4; )i, je, be row-finite, i.e., for every row
i only finitely many A; ; are non-zero. Then the averaging method

Ai = Z /l,-,jaj

JjeNg
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shall be consistent: If a; — a converges then A; — « converges to the same limit.
Toeplitz proved a necessary and sufficient condition on A for this property. Hausdorff
uses only part of this property. He calls a matrix (4; ;); jew, With the property that
a convergent sequence (a;) e, is mapped to a convergent sequence (A;) e, (the
limit does not need to be preserved) a C-matrix (convergence preserving matrix).
Hausdorff gives the characterization of C-matrices [Hau2lal p. 75, conditions (A)
— (C)]. Additionally, if A is a C-matrix and a diagonal matrix with diagonal entries
Ai; = s; then s = (s;);en, is called a C-sequence. The equivalence (i) < (iii) is then
shown by Hausdorff in the result that a sequence is a [0, 1]-moment sequence if and
only if it is a C-sequence [Hau21al p. 102].

A much simpler approach to solve the K-moment problem for any closed K € R”,
n € IN, was presented by E. K. Haviland in [Hav36, Theorem], see also [Hav35!
Theorem] for the earlier case K = R"™. He no longer used continued fractions
but employed the Riesz’ Representation Theorem [0.20] i.e., representing a linear
functional by integration, and connected the existence of a representing measure to
the non-negativity of the linear functional on

Pos(K) :={f € R[x1,...,x4] | f = 0on K}. (3.1)

Haviland’s Theorem 3.4. Let n € N, K C R" be closed, and s = (sa)acnr be a
real sequence. The following are equivalent:

(i) s is a K-moment sequence.
(ii) Ls(p) = 0forall p € Pos(K).

Proof. See Problem O

As noted before, in [Hav35, Theorem] Haviland proves “only” the case K = R
with the extension method by M. Riesz. In [Hav36, Theorem] this is extended to any
closed K € R". The idea to do so is attributed by Haviland to A. Wintner [Hav36,
p- 164]:

A. Wintner has subsequently suggested that it should be possible to extend this result [[Hav35l
Theorem]] by requiring that the distribution function [measure] solving the problem have
a spectrum [support] contained in a preassigned set, a result which would show the well-
known criteria for the various standard special momentum problems (Stieltjes, Herglotz
[trigonometric], Hamburger, Hausdorff in one or more dimensions) to be put particular
cases of the general n-dimensional momentum problem mentioned above. The purpose of
this note [[Hav36]] is to carry out this extension.

In [Hav36] after the general Theorem Haviland then goes through all the
classical results (Theorems to and the Herglotz (trigonometric) moment
problem on the unit circle T which we did not included here) and shows how all
these results (i.e., conditions on the sequences) are recovered from the at this point
known representations of non-negative polynomials.

For the Hamburger moment problem (Hamburger’s Theorem [3.2) Haviland uses

Pos(R) = {f* +g*| f.g € R[x]} (3.2)
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which was already known to D. Hilbert [Hil88]]. We prove a stronger version of (3.2)
in Theorem [10.7} For the Stieltjes moment problem (Stieltjes’ Theorem [3.1) he uses

Pos([0,00)) = {f7 + f7 +x - (g7 + &) | fi. f. 81,82 € R[x]} (3.3)

with the reference to G. Pélya and G. Szeg6 (previous editions of [PS64,[PS70]). In
[PS64} p. 82, ex. 45] the representation (3.3)) is still included while it was already
known before, see [ST43l p. 6, footnote], that

Pos([0,)) = {f* +x-g*| f.g € R[x]} (3.4)

is sufficient. Also in [Sch17, Prop. 3.2] the representation @ is used, not the
simpler representation (3.4). We prove a stronger version of (3.4) in Corollary [10.2]
For the [—1, 1]-moment problem Haviland uses

Pos([-1,1]) = {f*+ (1 =x%) - g*| f.g € R[x]}. (3.5)

For the Hausdorff moment problem (HausdorfP’s Theorem he uses that any
strictly positive polynomial on [0, 1] is a linear combination of

x™ (1 =x)? (3.6)

with m, p € INg, p > m, and with non-negative coefficients.
Haviland gives this with the references to a previous edition of [PS70]. This result
is actually due to S. N. Bernstein [Ber12| [Berl5].

Bernstein’s Theorem 3.5 ([Ber12]] for (i), [Ber13] for (ii); or see e.g. [Ach56, p. 30]
or [Sch17, Prop. 3.4]). Let f € C([0,1],R) and let

Byl () ke [
ra@ =Y (] (=g (5 (3.7)

k=0
be the Bernstein polynomials of f with d € IN. Then the following hold:
(i) The polynomials By 4 converge uniformly on [0,1] to f, i.e.,

d—o
lLf = Bf,allo — 0.

(ii) If additionally f € R[x] with f > 0 on [0, 1] then there exist a constant
D = D(f) € N and constants ci; > 0 forall k,1 =0, ..., D such that

D

FOy= D e xb e (1-x).

k,1=0

(iii) The statements (i) and (ii) also hold on [0, 11" for any n € IN. Especially every
feR[xy,...,x,| with f > 0on [0, 1]" is of the form
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f(_x): Z Cay...., ﬁn.xlal...x:f".(l_xl)ﬁl...(l_xn)ﬁn

for some D € N and c, ... p, = 0.

The multidimensional statement (iii) follows from the classical one-dimensional
cases (i) and (ii). For this and more on Bernstein polynomials see e.g. [Lor86].

Bernstein’s Theorem [3.5|only holds for f > 0. Allowing zeros at the interval end
points is possible and gives the following “if and only if”’-statement.

Corollary 3.6. Let f € R[x] \ {0}. The following are equivalent:
(i) f>00n(0,1).
D
(ii) f(x) = ch,l -xb - (1 =x)* for some D € NN, ckg =2 0forallk,1=0,...,D,

i=0
and cy ;> 0 at least once.

Proof. See Problem[3.3] O

On [-1, 1] a strengthened version of Bernstein’s Theorem [3.5](ii) is attributed to
F. Lukécs [Lukl18] (Lukacs Theorem). Note that Lukacs in [Luk18] reproves several
results/formulas which already appeared in a work by M. R. Radau [Rad80], as
pointed out by L. Brickman [Bri5S9, p. 196]. Additionally, in [KN77, p. 61, footnote
4] M. G. Krein and A. A. Nudel’man state that A. A. Markov proved a more precise
version of Lukacs Theorem already in 1906 [Mar06]E] see also [Mar95]]. Krein and
Nudel’man call it Markov’s Theorem. It is the following.

Lukacs—Markov Theorem 3.7 ([Mar06] or e.g. [Luk18]], [KN77, p. 61, Thm. 2.2]).
Let —0 < a < b < ooandlet p € R[x] be withdegp =nand p > 0on [a, b]. The
following hold:

(i) If deg p = 2m for some m € Wy then p is of the form
p(x) = f(x)* + (x —a) (b —x) - g(x)?

for some f,g € R[x] withdeg f =m and degg =m — 1.
(ii) If degp = 2m + 1 for some m € Wy then p is of the form

p) =(x-a)- f(x)*+(b-x)- g’
for some f,g € R[x] withdeg f = degg = m.

For case (i) note that the relation

(x—a)(b—-x) = ﬁ [(x —a)?(b —x) + (x — a)(b - x)?] (3.8)

implies

1 We do not have access to [Mar06] and can therefore neither confirm nor decline this statement.
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Pos([a,b]) = {f(x)* + (x —a) - g(x)* + (b —x) - h(x)*| f.g. h € R[x]}. (3.9)

The special part about the Lukdcs—Markov Theorem are the degree bounds on
the polynomials f and g. Equation destroyes these degree bounds since we
have to go one degree higher.

In the Lukdcs—Markov Theorem we will see how from Karlin’s Positivstel-
lensatz7.3|an even stronger version follows which describes the polynomials f and
g more precisely and up to a certain point uniquely. In [KN77, p. 61 Thm. 2.2 and p.
373 Thm. 6.4] the Lukdcs—Markov Theorem [3.7]is called Markov—Lukdcs Theorem
since Markov gave the more precise version much earlier than Lukécs. In [Hav36]
Haviland uses this result without any reference or attribution to either Lukdcs or
Markov.

For the two-dimensional Hausdorff moment problem Haviland uses with a ref-
erence to [HS33]] that any polynomial f € R[x,y] which is strictly positive on
[0, 1]? is a linear combination of x - y"* - (1 —=x)? - (1 = y)4, n,m, q, p € INg, with
non-negative coefficients. This is actually Bernstein’s Theorem [3.5](iii).

T. H. Hildebrandt and I. J. Schoenberg [HS33|] already solved the moment problem
on [0, 1]" for all n € IN getting the same result as Haviland. The idea of using
Pos(K)-descriptions to solve the moment problem was therefore already used by
Hildebrandt and Schoenberg in 1933 [HS33]] before Haviland uses this in [Hav335]]
and generalized this in [Hav36| as suggested to him by Wintner.

With these broader historical remarks we see that of course more people are
connected to Theorem [3.4] It might also be appropriate to call Theorem [3.4] the
Haviland-Wintner or Haviland-Hildebrandt—Schoenberg—Wintner Theorem. But as
so often, the list of contributors is long (and maybe even longer) and hence the main
contribution (the general proof) is rewarded by calling it just Haviland’s Theorem.

The last classical moment problem which we want to mention on the long list was
solved by K. 1. Svenco [éve39].

Svenco’s Theorem 3.8. Let s = (si)iew, be a real sequence. The following are
equivalent:

(i) sisa (—c0,0] U [1,c0)-moment sequence.

(ii) Lg(p) = 0for all p € Pos((—c0,0] U [1, 00)).
(i) Ly(p?) =0, Lix2_x5(p*) = Oforall p € R[x].
(iv) s and (X* — X)s are positive semi-definite.

(v) H(s) = 0and H(X> - X)s) > 0.

The general case of Svenco’s Theoremon

R\ (s, br) (3.10)
i=1
forany n € N and a; < by < -+ < a, < b, was proved by V. A. Fil’Stinski{

[Fil64]. All non-negative polynomials on (3.10) can be explicitly written down.
More precisely, all moment problems on closed and semi-algebraic sets K € R
follow nowadays easily from Haviland’s Theorem|3.4]resp. the Basic Representation
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Theorem and some well established results from real algebraic geometry, see
e.g. [Mar(8, Prop. 2.7.3].

Haviland’s Theorem [3.4] was important to give the solutions of the classical
moment problem, i.e., mostly one-dimensional cases. After that is was no longer
used and only became important again when descriptions of strictly positive and
non-negative polynomials on K € R” with n > 2 be came available. This process
was started with [Sch91]] and real algebraic geometry was revived by it.

3.2 Early Results with Gaps

The early history of moment problems with gaps is very thin. We discuss only
[Hau21b]] and [[Boa39a].
Hausdorff just solved Hausdorff’s Theorem [3.3]in [Hau2Ta][?| and in [Hau21blJ|

he treats :
Sn =/ xkn du(x)
0

for all n € INy with
ko=0<ky <ky<---<kp,<...

for a sequence of real numbers k;, i.e., not necessarily in INg. See also [[ST43| p. 104].
Since HausdorfF in [Hau21b]| did not have access to Haviland’s Theorem[3.4] [Hav36]
or the description of all non-negative linear combinations of 1, xki o xR the
results in [Hau21bl] need complicated formulations and are not very strong. Only
with the description of non-negative linear combinations by Karlin [Kar63]] an easy
formulation of the result is possible. We will therefore postpone the exact formulation
to Theorem|9.6|and Theorem[9.8|where we present easy proofs using also the theory
of adapted spaces from Chapter 2} especially the Basic Representation Theorem[2.9

In [Boa39a]] Boas investigates the Stieltjes moment problem (K = [0, o)) with
gaps. Similar to [Hau21b] the results are difficult to read and they are unfortunately
incomplete since Boas (like Hausdorff) did not have access to the description of all
non-negative or strictly positive polynomials with gaps (or more general exponents).
We will give the complete solution of the [0, c0)-moment problem with gaps and
more general exponents in Theorem[10.4]

3.3 Finitely Atomic Representing Measures: Richter’s Theorem

When working with a truncated moment sequence resp. functionals it is often useful
in theory and applications to find a representing measure with finitely many atoms.

2 Submitted: February 11, 1920.
3 Submitted: September 8, 1920.
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That this is always possible for truncated moment functionals was first proved in full
generality by H. Richter [Ric57, Satz 4].

Its proof proceeds by induction via the dimension of the moment cone. To do
that we need to look at the boundary of the moment cone. We need that when part
of the boundary of the moment cone is cut out by a supporting hyperplane then this
intersection is again a moment cone of strictly smaller dimension. That is the content
of the following lemma.

Lemma 3.9. Letn € N, (X, ) be a measurable space, ¥ = { i}, be a family of
measurable functions f; : X — R, S¢ be the moment cone spanned by F, and let
H be a supporting hyperplane of S¢. Then S&N H is a moment cone of dimension
m = dim(S# N H) < n spanned by a family G C linF on a measurable space
(Y, y)withY C X.

Proof. See Problem [3.6 |

With the previous lemma we can now prove Richter’s Theorem.

Richter’s Theorem 3.10 ([Ric57, Satz 4]; or see e.g. [Kem68, Thm. 1], [FPO1], p.
198, Thm. 1]). Let n € N, let (X, ) be a measurable space, and let {f;}_, be
a family of real linearly independent measurable functions f; : X — R. Then for
every measure (1 on X such that all f; are u-integrable, i.e.,

S ::‘/Xfi(X) du(x) €R

foralli=1,...,n, there exist a k € Ny with k < n, points x1, . ..,xx € X pairwise
different, and cy, . . ., cx € (0, 0) such that
k k
s; = ch - filxj) = / fi(x)dv(x) with v= ch “Ox;
=1 X =1

holds foralli=1,...,n.

Proof. We show that every truncated moment sequence s = (s, . . ., 5,,) has a finitely
atomic representing measure with at most n atoms in X. We prove this statement by
induction on n.

n =1: We have

M=Aﬁmwm.

If 51 = 0 then take v = 0 which proves the statement. Let us assume s; # 0. Since
u > 0 on X there exists a point x; € X such that sgn fij(x;) = sgns;. Hence, we
have % =:¢; > 0and

51

e filx1)

which proves the statement.

-ﬂuo=Lﬁum@p@mm
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n > 2: Let S& C R" be the moment cone generated from #. We make the
distinction of the two cases

(@ s=(s1,...,8,) €intS# and
(b) s € 0S¥ N S.

For (a) let S := cone {(fi(x), ..., fu(x))T | x € X} be the cone generated by all point
evaluations (fi(x), ..., f.(x))T. By Carathéodory’s Theoremevery seSisa
moment sequences with a k-atomic representing measure with k < n. Additionally,
we have that int S is non-empty since S is full dimensional.

Assume intS # intS¢ then int (Sg\ S) # 0. Let s € int (S#\ S) with a
representing measure u. Then there exists a separating linear functional [, i.e.,
I(s) < O0and [(t) > 0 for all t € S. Since (f;(x),..., fu(x))T € S we have that
f(x) =1((fix),..., fa(x)) > 0forall x € X but

/X () du(x) = 1(s) < 0

with is a contradiction to ¢ > 0. Hence, intS = intS# and every s € intS¢ has a
k-atomic representing measure with k < n.

For (b) assume s € 0S#NS#. Since S#is a convex cone there exists a supporting
hyperplane H of S# at 5. But then S& N H is by Lemma [3.9| a moment cone of
dimension at most # — 1 and here the theorem holds by induction. O

The previous proof is the original proof by Richter and only the mathematical
language is updated. The following historical overview about Richter’s Theorem[3.10]
first appeared in [dDS22].

Replacing integration by finitely many point evaluations was already used and
investigated by C. F. Gaull [Gaul5l]. The k-atomic representing measures from
Richter’s Theorem [3.10]are therefore also called (Gaussian) cubature formulas.

The history of Richter’s Theorem is confusing and the literature is often
misleading. We therefore list in chronological order previous versions or versions
which appeared almost at the same time. The conditions of these versions (including
Richter) are the following:

(A) A.Wald 193[Wal39,Prop. 13]: X =R and f;(x) = |x —xo|% with d; € IN,
0<di<dy<---<d,,andxg € X.
(B) P. C. Rosenbloom 1952 [Ros52, Cor. 38e]: (X, W) a measurable space and f;

bounded measurable functions.

(C) H.Richter 195[RicS7, Satz4]: (X, W) ameasurable space and f; measurable
functions.

(D) M. V. Tchakaloff 1957E][Tch57, Thm. IT]: X ¢ R” compact and f; monomials
of degree at most d.

4 Received: February 25, 1939. Published: September 1939.
5 Received: December 27, 1956. Published: April, 1957.
6 Published: July-September, 1957
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(E) W. W. Rogosinski 19587 [Rog58, Thm. 1]: (X, %) measurable space and f;
measurable functions.

From this list we see that Tchakaloff’s result (D) from 1957 is a special case of
Rosenbloom’s result (E)) from 1952 and that the general case was proved by Richter
and Rogosinski almost about at the same time, see the exact dates in the footnotes.
If one reads Richter’s paper, one might think at first glance that he treats only
the one-dimensional case, but a closer look reveals that his Proposition (Satz) 4
covers actually the general case of measurable functions. Rogosinski treats the one-
dimensional case, but states at the end of the introduction of [Rog58]:

Lastly, the restrictions in this paper to moment problems of dimension one is hardly essential.
Much of our geometrical arguments carries through, with obvious modifications, to any finite
number of dimensions, and even to certain more general measure spaces.

The above proof of Richter’s Theorem[3.10] and likewise the one in [Sch17, Theorem
1.24], are nothing but modern formulations of the proofs of Richter and Rogosinski
without additional arguments. Note that Rogosinki’s paper [Rog58] was submitted
about a half year after the appearance of Richter’s [Ric57].

It might be of interest that the general results of Richter and Rogosinski from
1957/58 can be derived from Rosenbloom’s Theorem from 1952, see Problem
With that wider historical perspective in mind it might be justified to call Richter’s
Theorem [3.10|also the Richter—-Rogosinski—Rosenbloom Theorem.

Richter’s Theorem was overlooked in the modern literature on truncated
polynomial moment problems. The problem probably arose around 1997/98 when it
was stated as an open problem in a published paper[¥| The paper [Ric57] and numerous
works of J. H. B. Kemperman were not included back then. Especially [Kem68, Thm.
1] where Kemperman fully states the general theorem (Richter’s Theorem[3.10) and
attributed it therein to Richter and Rogosinski is missing. Later on, this missing
piece was not added in several other works. The error continued in the literature for
several years and Richter’s Theorem was reproved in several papers in weaker
forms. Even nowadays papers appear not aware of Richter’s Theorem or of the
content of [Ric57].

3.4 Signed Representing Measures: Boas’ Theorem

In the theory of moments almost exclusively the representation by non-negative
measures is treated. The reason is the following result due to R. P. Boas [Boa39b|].

Boas’ Theorem 3.11 ([Boa39b] or e.g. [ST43| p. 103, Thm. 3.11]). Let s = (s;)ie,
be a real sequence. Then there exist infinitely many signed measures u on R and
infinitely many signed measures v on [0, 00) such that

7 Received: August 22, 1957. Published: May 6, 1958.
8 We do not give the references for this and subsequent papers who reproved Richter’s Theorem
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. © .
s; = / xdu(x) = / x' dv(x)
R 0

The proof follows the arguments in [ST43] pp. 103—-104].

holds for all i € INy.

Proof. We prove the case on [0, o). The case on R is then only a special case.
By induction we write s = v — w such that v and w are positive definite sequences
where we can apply the Basic Representation Theorem [2.9]
i = 0: We can chose vy, wo > 1 with sg = vg — wy, i.e., L,(p), L,(p) = 0 for all
p € Pos([0, e))<o = [0, c0).
i — i+1: Assume we found (uj);,zo and (wj);'.=0 such that L,(p), L, (p) > Oforall
i+1 j

p € Pos([0, 0))«;. Since fori+1 the term x'*" appears additionally to Lx,x2, ..., xt,

the convex cone Pos( [0, ©))<;+ has compact base, and L is continuous on R [x] <41
we find v;y1, w1 > 1 with ;41 = v;41 — w;y1 such that L,(p), L,(p) > 0 for all
p € Pos([0, 00))<i41.

Hence, we found sequences v, w with s = v — w and L,(p), L, (p) = 0 for all
p € Pos([0, )). By the Basic Representation Theorem L, is represented by
some non-negative p, and L, is represented by some non-negative u_ both with
support in [0, ), i.e., Ly is represented by p = gy — u— supported on [0,00). O

T. Sherman showed that Boas’ Theorem [3.T1] (even when L is a complex linear
functional) also holds in the n-dimensional case on R” and [0, c0)” for any n € IN
[She64, Thm. 1]. Similar results are proved for linear functionals on the universal
enveloping algebra &(G) of a Lie group G by K. Schmiidgen [Sch78]. If the Lie
group G is R” then this again gives Sherman’s result. G. Pélya [PA138]] (see also
[ST43l p. 104]) showed an extension that special kinds of measures can be chosen.
Essentially, it already appeared in [Bor95], as pointed out by Pélya himself [PoI3§]],
see [ST43| p. 104].

Polya’s Signed Representation Theorem 3.12 (see [Bor95|] or [P6I38]]). Let
(x;)iew, S R be such that

i—o00
(a) x; < xiy1 and x; —— o
or

i—o0

(b) x; > xiy1 and x; —— —co.

Then for every sequence (s;)icN, C R there exists a sequence (c;)iew, € R such
that

S =/xi-fc(x)dx
R
holds for all i € INo with

fe= Z Ci * X[xi,xis1) resp. fe= Z 0 X xinoxi]

ielNg ielNg
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where x a is the characteristic function of a set A, i.e., every sequence has a rep-
resenting measure absolutely continuous with respect to the Lebesgue measure and
the density function is a step function f. where the positions x; of the steps can be
chosen as any strictly increasing or strictly decreasing divergent sequence.

From the theory of distributions, see e.g. [Gru09], we have that the derivative of
Xla,b) in the distributional sense is a signed measure, i.e.,

b
[0 Ny v == [ 1w = s@ -1t = [ 100 4, -
¢ G.11)
forall f € C'(R,R). Eq. (3.11) can be shortly written down by abusing notation as
“Xla,b) = 0a — 65" From (3.11) and Pélya’s Signed Representation Theorem
we get the following immediate consequence.

Signed Atomic Representation Theorem 3.13 (see [Blo53, Thm. 3.1]). Let
(x1)ien, € R be such that

i—o00
(a) x; < xjy1 and x; —— o0
or

[—00
(b) x; > xi41 and x; —— —co.

Then for any sequence (s;)icN, C R there exists a sequence (c;)ien, C R such that

n=/ﬂmum
R
Mce = Z Ci Oy

iE]N()

holds for all i € INo with

Proof. Let f be the step function representing measure of the sequence (;);ci,
from Pélya’s Signed Representation Theorem with #; := —HL]S,- for all i € INy.
Then

si=—=(+1)-t

=—(i+1)-/x"-fd(x)dx

—/Wﬁ“mww
/xi+1 'fd(x)’d.x

= [+ det
- [ ¥ dueto
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holds for all i € INg with some ¢ = (€);ew, € R and ¢ = (¢;)iew, € R. The last
equality (going from ¢ to ¢) holds since

/ F) - xdSy,(x) = £(0) -y = / £ d(y-6,)(x),

i.e.,c; = x; - ¢; for all i € IN. m]

We get Pélya’s Signed Representation Theorem from the Signed Atomic
Representation Theorem by reversing the previous proof.

Corollary 3.14. Let (s;)iev, and let U € R be unbounded. Then there exists a
signed measure u on R with supp u = U such that

.y e

On R” it is even possible to find a Schwartz function f € S(R") such that

holds for all i € INy.

saz‘/"x“-f(x)dx

for all @ € N[} Use e.g. [CdD22].

Boas” Theorem [3.11] Pdlya’s Signed Representation Theorem [3.12] and Signed
Atomic Representation Theorem [3.13|also cover the cases with gaps. If any gaps in
the real sequence s are present then fill them with any real number you like.

Note, neither Boas’ Theorem[3.T1] Pélya’s Signed Representation Theorem 3.12]
nor Signed Atomic Representation Theorem hold with the restriction that the
representing signed measure shall have a bounded and therefore compact support.
That is seen from the following result due to Hausdorff [Hau23| p. 232, IL.].

Signed Hausdorff’s Theorem 3.15 (see [Hau23| p. 232, II.] or e.g. [Lor86, Thm.
3.3.1]). Let (s;)iew, € R be a real sequence. The following are equivalent:

(i) There exist positive (C([0, 1], R)-regular) measures p; and uy, i.e., a signed
(C([0, 1], R)-regular) measure u = uy — uy, such that

1 1 1
s,~=/0 xidul(x)—/o x"duz(x)=/0 X du(x)

holds for all i € INy.
(ii) There exists a C > 0 such that

2,

d
k=0

[{) et = h) <

holds for all d € INy.
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The following proof is due to T. H. Hildebrandt [Hil32], see also [Lor86, pp.
58-59]. We employ the Signed Riesz’ Representation Theorem [0.18] together with
the Bernstein polynomials B¢ 4 in (3.7) and Bernstein’s Theorem@

Proof. (i) = (ii): Since s is represented by u = u; — o and since by Bernstein’s
Theorem 3.5](i) we have ||1 — By y4llcc — 0 as d — oo we have

d d

1 1
Z(Z)-|Ls(xk~(l—x)d_k)|SZ( [ o due+ [ Bl,d<x)duz(x>)

k=0 k=0

L 11 ([0, 1]) + 2 ([0, 1) < o0

which proves (ii).
(i) = (1): Let f € C(][0, 1], R). Then

SPLANE k d-k
LByl =| (5] () 2t -0t
k=0
& (d
<o ) (1) et 124
=0
<CIflls

which proves that Lg can be continuously extended from R[x] to C([0, 1], R) and
the extension fulfills (0.6). To see this let f; € R[x] with || f - f4]lcc — Oasd — co.
Then |Ls(fa — fa)l < ¢-|lfa = falle — Oasd,d” — co. Therefore, (Ls(fa))aen,
is a Cauchy sequence with a unique limit: Lg(f) := limg—co Ls(fz). Then
holds since C.([0,1],R) = C([0,1],R) and |Ls(f)| < C - || fllco-

Hence, by the Signed Riesz’ Representation Theorem[0.18] we have (i). O

With Bernstein’s Theorem (iii) the previous result also holds on [0, 1]" for
any n € INg.

More on signed or complex representing measures can be found e.g. in [BloS3|
Hor77, BCJ79, |[Kow84! |IDur89, [Ho192| and references therein.

3.5 Solving all Truncated Moment Problems solves the Moment
Problem

The following result was already indicated by Hamburger in [Ham20] and formalized
by J. Stochel in [Sto01]. We have the following.

Theorem 3.16. Let n € IN, K C R" be closed, 'V C Rlx1,...,x,]| be an adapted
space on K, and let L : 'V — R be a linear functional on V. The following are
equivalent:
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(i) L:V — Risa K-moment functional.
(ii) Ly = LlyaR[x,,....x,]<x are truncated K-moment functionals for all k € INy.

Proof. While “(i) = (ii)” is clear it is sufficient to prove the reverse direction.

Let L; be a truncated K-moment functionals for all k € INy. Since V C
R[x1,...,x,] for any p € V we have that L : V — R is well-defined by
L(p) = Lgegp(p). Let p € V with p > 0 on K then L(p) = Laegp(p) = 0,
i.e., by the Basic Representation Theorem we have that L is a K-moment func-
tional. a

Note, V can also be finite dimensional when K is compact. Then the result is
trivial. For unbounded K the adapted space V is always infinite dimensional.
A more general version of Theorem[3.16]can e.g. be found in [Sch17, Thm. 1.20].

Problems

3.1 Prove Stieltjes’ Theorem [3.1] with the Basic Representation Theorem [2.9] and
the representation (3.4).

3.2 Prove Hamburger’s Theorem [3.2] with the Basic Representation Theorem
and the representation (3.2).

3.3 Prove Hausdorff’s Theorem [3.3| with the Basic Representation Theorem[2.9]and
the Lukdcs—Markov Theorem [3.7] resp. the representation of Pos([a, b]) in (3.9).

3.4 Prove Haviland’s Theorem [3.4| with the Basic Representation Theorem 2.9
3.5 Use Bernstein’s Theorem [3.5](ii) to prove Corollary [3.6]
3.6 Prove Lemma[3.9

3.7 Show that Richter’s Theorem follows from Rosenbloom’s Theorem, i.e.,
show that the additional assumption that all f; are bounded on the measurable space
(X, A) can be removed.
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Chapter 4
T-Systems

There is nothing more practical than a good theory.

Kurt Lewin [Lew43]

In this chapter we introduce the Tchebycheff systems or short T-systems. We give
basic examples and properties.

4.1 The Early History of T-Systems

In our presentation we mostly limit ourselves to the works [Kre51, [Kar63| [KS66,
KN77|]. However, the concept of T-system was introduces much earlier. It goes back
to its name giver: P. L. Tchebycheff [Ich74]. See especially [Kre51]] for a good
overview of the history of the development of T-systems and also [GonQ0].

In [Tch74] Tchebycheft states the following open problem:

Let
a<é<n<b

be real numbers and let the numbers

b
o= / X*F(x) dx @.1)
a
fork=0,1,..., n — 1 for some n € INg be given. Find the bounds on the integral
n
/ f(x)dx 4.2)
I3

under the conditions that f > 0 on [a, b] and holds.

From this investigation Tchebycheff arrives at the method of continued fractions,
which was used in the early results in the moment problems, see Section 3.1} Tcheby-
cheff gives without proof the inequalities (upper and lower bounds) of (#.2). The
proof was independently found by others, see [KreS1, pp. 3—4]. The key here is to
work over a finitely dimensional space spanned by fy, ..., fu.

A well-known and guiding example are the functions 1, x, ..., x".

47
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Example 4.1. Let n € IN and X C R with |[X| > n + 1. Then the family F =

{x"}?=0 is a T-system, see Definition below. This follows immediately from the
Vandermonde determinant

det(x{):ijzoz 1_[ (xj —x;)

0<i<j<n

for any xo, ..., x, € X. o

Krein states that he developed “the connection between ideas of Markov and
functional-geometric ideas” which made it possible to remove the Wronskian ap-
proach (Definition[5.6)) and replacing it with continuity and the condition

The curve I' of the (n + 1)-dimensional space R™*!:
Yo=fo(x), yi=/fi(x), -...yn=fu(x)

does not intersect itself and no hyperplane through the origin intersects it in more than n
points.

which is equivalent to
No linear combination
n n
Dlaifi with Y al>0
i=0 i=0
vanishes more than n times in the closed interval [a, b].

see [KreS1, pp. 19-20]. The later is then generalized to leave out continuity and
replacing [a, b] with any set X, see Definition For a family {f;}, with this
property S. N. Bernstein [Ber37]] introduced the name Tchebycheff system and Krein
[KreS1l p. 20] and Archieser [Ach56, p. 73, §47] continued using this terminology.

For more on the history see e.g. [Kre51]. We especially recommend the very
nice survey article [Gon0Q] with the references therein for more on the works, the
contributions, and the impact of Tchebycheft’s work.

4.2 Definition and Basic Properties

Definition 4.2. Letn € INo, X be a set with [X| > n+1,and F = {f;}_, be a family
of real functions f; : X — RR. We call a linear combination

f=Zal--fi elinF :={aofo+-+anfylao,... an € R} 4.3)
i=0

a polynomial. The family ¥ on X is called a Tchebycheff system (or short T-system)
of order n on X if every polynomial f € lin ¥ with ;' a? > (0 has at most n zeros
in X.
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If additionally X is a topological space and ¥ is a family of continuous functions
we call ¥ a continuous T-system. If additionally X is the unit circle T then we call
F a periodic T-system.

The following immediate consequence shows that we can restrict the domain X
of the T-system ¥ to some Y C X and as long as |Y| > n+ 1 the restricted T-system
remains a T-system. In applications and examples we therefore only need to prove
the T-system property on some larger set X.

Corollary 4.3. Letn € Nq and let F = { fi}!) be a T-system of order n on some set
Xwith |X| 2 n+1. LetY C X with|Y| 2 n+ 1. Then G := {fily}\, is a T-system
of ordernony.

Proof. See Problem o

The set X does not require any structure or property except |X| > n+ 1.
In the theory of T-systems we often deal with one special matrix. We use the
following abbreviation.

Definition 4.4. Let n € Ny, ¥ = {f;}!, be a family of real functions on a set X
with |X| > n + 1. We define the matrix

So(xo) filxo) ... fu(xo)
(f() fi... fn) . fo(x1) fikx1) ... fu(x1)

X0 X1 ... Xp

o R BT TC) PP
Jo(xn) filxn) ... fu(xn)

for any xg, ...,x, € X.

Lemma 4.5 (see e.g. [KN77, p. 31]). Let n € Ny, X be a set with |X| > n+ 1, and
F = {fi}l, be a family of real functions f; : X — R. The following are equivalent:

(i) F is a T-system of order n on X.

(ii) The determinant
det (fo S fn)

X0 X1 ... Xp
does not vanish for any pairwise distinct points xo, . . ., x, € X.
Proof. (i) = (ii): Let xg, ..., x, € X be pairwise distinct. Since ¥ is a T-system we
have that any non-trivial polynomial f has at most n zeros, i.e., the matrix
fofi oo Ja
X0 X1 ... Xp
has trivial kernel and hence its determinant is non-zero. Since xg, ...,x, € X are

arbitrary pairwise distinct we have (ii).
(ii) = (i): Assume there is a polynomial f with }}7 af > 0 which has the n + 1
pairwise distinct zeros zo, . . ., 2, € X. Then the matrix
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Zz(fofl fn)
2021 +-- Zn
has non-trivial kernel since 0 # (ag,ay,..., a,,)T € ker Z and hence detZ = 0 in
contradiction to (ii). m|

Lemma is used in [KS66, p. 3, Dfn. 2.1] as the definition of a continuous
T-system where it is called a weak T-system. In [KS66, p. 22, Thm. 4.1] then the
equivalence to Definition {.2]is shown.

Remark 4.6. Lemma [4.5] implies that for any x € X there is a f € lin ¥ such that
f(x) #£0,1i.e., the fy,..., fy donot have common zeros. o

Remark 4.7. After adjusting the sign of f,, in a continuous T-system F = {f;}", on
[a, b] we can assume that

det(fOfl fn)>0

X0 X1 ... Xp

holds foralla < x; <xp <---<x, <b. o
The previous lemma implies the following.

Corollary 4.8 (see e.g. [KN77, p. 33]). Let n € No, and = {f;}, be a T-system

of order n on some set X with |X| = n+ 1. Let W be a set withn+ 1 < |'W| < |X]|

and let g : W — X be injective. Then G = {g;}!, with g; := f; o g is a T-system of

order n on “W.

Proof. See Problem 4.2 |

Corollary 4.9 (see e.g. [KS66, p. 10] or [KN77, p. 33]). Letn € No, and F = {fi}},
be a T-system of order n on some set X with |X| > n+ 1. Let g : X — R be such
that g > 0 on X. Then G = {g;}!', with g; := g - f; is a T-system of order n on X.

Proof. See Problem[d.3] o

Corollary 4.10 (see e.g. [KN77, p. 33]). Letn € Ny, and F = { fi} ) be a T-system
of order n on some set X with |X| > n + 1. The following hold:

(i) The functions fo, ..., fu are linearly independent over X.
(i) Forany f = ¥ a; - f; € lin F the coefficients ay, . .., a, € R are unique.
Proof. See Problem[d.4] O

The previous corollary extends to the following result.

Theorem 4.11 (see e.g. [KN77, p. 33]). Let n € Ny, F be a T-system on some set
X with |X| = n+1, and let xg, . ..,x, € X be n+ 1 pairwise different points. The
following hold:

(i) Every f € lin F is uniquely determined by its values f(xo),. .., f(xn)-
(ii) For any yy,...,yn € R there exists a unique f € lin ¥ such that f(x;) = y;
holds foralli =0,...,n.
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Proof. (i): Since f € lin ¥ we have f = }\"' ja; - fi. Letxi,...,x, € X be pairwise
distinct points. Then by Lemma4.5](i) = (ii) we have that

f(xo0) @
. (oS S |
: T xo x1 ... xp :
f(xn) n

has the unique solution ag = ay, ..., @, = a,.
(ii): By the same argument as in (i) the system

Yo @0
_[(foSr--o Jn).
X0 X1 ... Xp
Yn ap
has the unique solution @y = ay, ..., @y = d,. a

4.3 The Curtis—Mairhuber-Sieklucki Theorem

So far we imposed no structure on the set X. We now get a structure of X. The
following structural result was proved in [Mai56, Thm. 2] for compact subsets X of
RR™ and for arbitrary compact sets X in [Sie58] and [Cur59, Thm. 8 and Cor.].

Curtis—Mairhuber-Sieklucki Theorem 4.12. Let n € g and ¥ be a continuous
T-system of order n on a topological space X. If X is a compact metrizable space then
X can be homeomorphically embedded in the unit circle {(x,y) € R?|x*+y* = 1}.

The proof is not difficult but technical and too lengthy for our purposes. We
therefore refer the reader to [Cur59, Thm. 8].

An immediate consequence of the Curtis—Mairhuber—Sieklucki Theorem
is that every T-system is up to homomorphisms one-dimensional, i.e., in algebraic
applications of the theory of T-systems we can only deal with the univariate case.
Additionally, we have the following result.

Corollary 4.13 (see e.g. [[Cur59, Cor. after Thm. 8]). The order n of a periodic
T-system is even.

Proof. Let : [0,2n] — S = {(x,y) € R?|x?+y?} with () = (sina, cos @) and
¥ = {fi}\L, be a periodic T-system. Then the f; are continuous and hence also

det(fo fio.. fn)

to t1 ... ty
is continuous in #y, . .., ¢, € S. If ¥ is a T-system we have that

Jn

: p(a+2nn/(n+1))

— Jo fi .
d(@) = det (cp(a') ela+2n/(n+1)) ..
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in non-zero for all @ € [0, 2] and never changes singes. If n is odd then d(0) =
—d(2n/(n + 1)) which is a contradiction. Hence, n must be even. |

4.4 Examples of T-Systems

Example 4.14 (Example . T| continued). Let n € INy and X = R. Then the family
F = {xi};’:o of monomials is a T-system. To see this letxg < x; <--- <x,ben+1
points in IR. We then have by the Vandermonde determinant

1 x ... x"
det(xO . xn)_ [1 Gj-x) (4.5)
0<i<j<n

which is always non-zero and hence ¥ is a T-system of order n on R by Lemma4.5]
Additionally, by Corollary f.3|we have that ¥ is a T-system of order n onany ¥ C R
with |[Y|>n+1. o

Note, that in (4.5) the functions f; should be written more precisely as
fi:R->R, x+— x!

and not just as x'. However, we then would have the notation

.O -] .n .‘YO .(ll .‘Yn
or more general
X0 X1 ... Xp X0 X1 ... Xp

for @; with —c0 < @g < @1 < - -+ < @, < oo which seems to be hard to read. We will
therefore abuse the notation and use x’, x%, and (4.5)).
Example[4.14|can be generalized to non-negative real exponents.

Example 4.15 (see e.g. [KS66, p. 9, Exm. 1] or [KN77, p. 38, §2(d)]). Letn € IN
andlet0 = @9 < @] < --- < @, be non-negative reals. Then

F={x%, x4, ..., x"}

is a T-system of order n on any X C [0, c0) with |X| > n + 1. o
If we restrict X to X C (0, oo) then we can allow arbitrary real exponents «;.

Example 4.16. Letn € IN and ag < @] < --- < @, be reals. Then
F={x%,x", ..., x"}

is a T-system on any X < (0, o0) with |X| > n + 1. o

By using exp : R — (0, o) we find that the previous example is by Corollary[4.§|
equivalent to the following.
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Example 4.17 (see e.g. [KN77, p. 38]). Letn € Nand ap < @1 < - < @, bereals.
Then
g = {e(YQX e(Y]X L. ea‘nX}

is a T-system on any YV C R with |Y| > n+ 1. o

That the equivalent Examples and are T-systems will be postponed to
Examples The reason is that with the introduction of ET-systems in Chapter 3]
and especially Theorem[5.14] we generate plenty of examples of ET- and T-systems.

Example 4.18 (see e.g. [PS64! p. 41, no. 26] or [KN77, p. 37-38]). Letn € IN and
ag < ay < --- < ay, bereals. Then

B 1 1 1

Tlx+ag x+ar T T x+ay
is a continuous T-system on any [a, b] or [a, co) with —ay < a < b. o
Proof. See Problem[4.3] o

Example 4.19 (see e.g. [KN77, p. 38]). Let n € IN and let f € C"(X,R) with
X =[a,b],a < b, and f(") > 0 on X. Then

F={lLxx%.. X" f}
is a continuous T-system of order n on X = [a, b]. We can also allow X = (a, b),
[a, ), (=00, b),.... o

With the techniques developed in Chapter [5]it will be easy to show that Exam-
ple is not only a T-system but in fact also an ET- and ECT-system. We will
therefore postpone its proof to Problem [5.5]

4.5 Representation as a Determinant, Zeros, and Non-Negativity

The following result shows that when enough zeros of a polynomial f € lin ¥ are
known then f has the following representation as a determinant.

Theorem 4.20 (see e.g. [KN77, p. 33]). Letn € N, ¥ = {fi}!) be a T-system on
some set X with |X| 2 n+ 1, x1,...,x, € X be n pairwise distinct points, and let
f € linF. The following are equivalent:

(i) f(x;) =0holds foralli=1,...,n.
(ii) There exists a constant ¢ € R such that

. Xn

f(x)=c~det({co){i::' f"). 4.6)
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Proof. (ii) = (i): Clear.

(i) = (ii): If f = 0 then ¢ = 0 so the assertion holds. If f # O then there exists
a point xg € X \ {x1,...,x,} such that f(xg) # O since ¥ is a T-system. Then
also the determinant in (ii) is non-zero and we can choose ¢ such that both f and
the scaled determinant coincide also in xo. By Corollary a polynomial f is
uniquely determined by its values f(x;) at xo, ..., x,. This shows that is the
only polynomial which fulfills (i). O

So far we treated general T-systems. For further properties we go to continuous T-
systems. By the Curtis—Mairhuber—Sieklucki Theorem .12 we can assume X C R.

Definition 4.21. Let n € INyp, ¥ be a continuous T-system on X C R an interval,
f € linF, and let xg be a zero of f. Then xg € intX is called a non-nodal zero if
f does not change sign at xq. Otherwise the zero xq is called nodal, i.e., either f
changes signs at xg or x¢ is a boundary point of X.

The following result bounds the number of nodal and non-nodal zeros.

Theorem 4.22 (see [KreS1, Lem. 3.1] or e.g. [KN77, p. 34, Thm. 1.1]). Letn € Ny,
F be a continuous T-system of order n on X = [a,b] with —o0 < a < b < co. If
f €linF has k € Ny non-nodal zeros and | € Ny nodal zeros in X then 2k +1 < n.

The proof is adapted from [KN77, pp. 34, Thm. 1.1].

Proof. We make two case distinctions, one for k = 0 and one for k > 1.
k =0:1If f € lin ¥ has [ zeros then [ < n by Definition 4.2
k> 1:Letxy,...,x, € intX with p < k + [ be the zeros of f in int X. Set

Mi= max |f(x)]

Xi-1SXZX;
foralli=1,...,p+1 withxo = a and x4 = b. Additionally, set
m:=— min M;
i=1,..., p+
ie.,m> 0.

We construct a polynomial g; € lin ¥ such that

(a) g1 has the value g(x;) = m at the non-nodal zeros x; of f with f > Oina
neighborhood of x;,

(b) g1 has the values g(x;) = —m at the non-nodal zeros x; of f with f < 0 in
a neighborhood of x;, and

(c) g vanishes at all nodal zeros x;, i.e., g(x;) = 0.

After renumbering the zeros x; we can assume xy, . . ., X, fulfill (a), xx,+1, - - . , Xk, +k,
fulfill (b), and xx,4ky+15 - - - » Xk +k,4+2 fUlfill (¢) with ky + ko = k. By Definition 4.2]
we have k + [ < n and hence by Lemma4.5|we have that
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m fo(x1) ... falx1)

m fO().Ckl) fn(;ckl)
-m SoGxr41) -0 falxigs) | [Bo

= : : 1 4.7
—-m fO(xk) fn(xk) Bn
0 SoGxrer) - fu(xer)

0] \folxa) oo falrra)

has at least one solution, say 8o = bo, ..., Bn = by. Then gy = 21 b; - fi € linF
fulfills (a) to (c).

Set
m

77 2 gl
and define g, := f — g;.

We show that to each non-nodal zero x; of f there correspond two zeros of g».
Let x; be a non-nodal zero of f with f > 0 in a neighborhood of x;. We can find a

point y; € (x;_1,x;) and a point y;41 € (x;, X;+1) such that
fOi)=M;>m  and  f(yis1) = My > m.

Hence, g2(y;) > 0 and g2(y;+1) > 0. Since g2(x;) = —p - m < 0 it follows that g,
has a zero both in (y;, x;) and in (x;, yi+1).

Additionally, g, also vanishes at all nodal zeros of f and therefore has at least
2k + 1 distinct zeros. By Definition .2 we have 2k + [ < n. |

The previous result holds for more general sets X.
Corollary 4.23. Theorem holds for sets X C R of the form

(i) X =(a,b), |a,b), (a,b] with—c0 < a < b < oo,

(ii) X = (a, ), [a, ), (—o0,b), (—co, b] with —co < a,b < o,
(iii) X ={x1,...,xk} CRwithk >n+1andx; < --- < xy, and
(iv) countable unions of (i) to (iii).

Proof. X =[0,00): Let0 < x; < --- < xi be the zeros of f in [0, o). Since every
T-system on [0, c0) is also a T-system on [0, b] for any b > 0 by Corollary 4.3|the
assertion follows from Theorem .22 with b = xj + 1.

For the other assertions adapt (if necessary) the proof of Theorem O

That non-nodal points are always inner points and have a weight of (at least) 2
in counting with multiplicities as well as that boundary points are always non-nodal
and are counted (at least) once in counting the multiplicities is generalized in the
following.
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Definition 4.24. Let x € [a, b] with a < b. We define the index (x) by

2 ifx e (a,b),
= 4.8
&(x) {1 ifx=aorb. “48)

The same definition holds for sets as in Corollary .23]
Let X C R be a set. We define the index £(X) of the set X by

e(X) = Z e(x). (4.9)

xeX

We now want to show that for each T-system ¥ not only non-negative polynomials
f € lin ¥ exists but we can even specify the zeros. We need the following definition.

Definition 4.25. Let n € INg and ¥ be a T-system of order n on some set X. We
define

(linF)* := { Zn:ai‘fi ana%z },

i=0 i=0
(linF)y ={f e€linF|f=00nX},

and

(linF)$ == (inF)° N (lin F),.
With these definitions we can prove the following existence criteria for non-
negative polynomials in a T-systems on [a, b].

Theorem 4.26 (see [Kre51, Lem. 3.2] or e.g. [KN77, p. 35, Thm. 1.2]). Letn € Ny,
F be a continuous T-system on X = [a,b], and let x1,...,x,, € X be m distinct
points for some m € IN. The following are equivalent:

(i) The points x1, . . .,X, are zeros of a non-negative polynomial f € lin F.
m

(ii) Zs(xi) <n
i=1

The proof is adapted from [KN77, pp. 35, Thm. 1.2].

Proof. “(1) = (ii)” is Theorem and we therefore only have to prove “(ii) = (1)”.
Case I: At first assume that @ < x; < --- < x,, < b and 3" e(x;) = 2m = n.

If 2m < n then add k additional points x,,41, . . . , Xtk Such that 2m + 2k = n and
X < Xl <+ < Xmak < b. ' '
Select a sequence of points (xij ), .. ,xf,{)) e R™, j € IN, such that

a < x <x§")<--~<xm<x£,{)<b

forall j € ]Nandlimj_,ooxy) =x;foralli=1,...,m. Set
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(x) = ¢; - det fofi o oii fomet fom
8 - X X x}j) oo Xm x,(,{)

e (lin F)* (4.10)

for some ¢; > 0. Since (lin )¢ is compact we can assume that g ; converges to some

go € (lin F)¢. Then go has xy, . . ., x,,, as zeros with £(x;) = 2 and g is non-negative
since g; > 0 on [a,x1), (xfj),xz), ey (xfrﬁl,xm), and (x,g{),b] aswellas g; <0
on (xl,xil)), (xz,xéj)), e, (xm,x,(,{)).

CaseIl:Tfa =x1 <xp < -+ < Xxp < b with 37", &(x;) = 2m — 1 = n the only
modification required in case I is to replace (4.10) by

det fofi o 5 oo fom2 fom

(x) == —c;- ; ; e (li ¢
gj(x) €j-de X axzxéj)... Xm xﬁ,{) (lin )
with some normalizing factor ¢; > 0.
Case III: The procedure is similar if x,, = b and 2.7 | £(x;) = n. O

Remark 4.27. Theorem.26|appears in [KN77, p. 35, Thm. 1.2] in a stronger version,
see also [Kre51, Lem. 3.4].

In [KN77, p. 35, Thm. 1.2] and [Kre51, Lem. 3.4] Krein claims that the xy, . . ., X,
are the only zeros of some non-negative f € lin . This holds when n = 2m + 2p

for some p > 0 and xy,...,x,, € intX. To see this add to xi,...,x;, in (4.10)
points X41,...,Xmep € intX \ {x1,...,x,} and get go. Hence, go > 0 has ex-
actly the zeros xi,...,Xmu4+p. Then construct in a similar way go with the zeros
Xlsoo s Xy Kimads - o o Ximap With Xpi1, .., Xpap € int X \ {x1,...,%m4p . Hence,
g0 + 8o > 0 has only the zeros x, . .., X,,.

A similar construction works for n = 2m + 1 with or without end points a or b. If
X1, ...,Xn contains no end point, i.e., all x; € int X, then construct a go with an zero

in a (and therefore go(b) > 0 since the index is odd) and a gy with zero in b (and
therefore go(a) > 0). Then go + o has no end point as a zero.

However, Krein misses that for n = 2m + 2p with p > 0 and when one end point
is contained in xy, . . ., X,, then it might happen that also the other end point must
appear. In [KS66, p. 28, Thm. 5.1] additional conditions are given which ensure that
X1,...,Xn are the only zeros of some f > 0.

For example if also { fi}l’fz_ol is a T-system then it can be ensured that x, ..., x,,
are the only zeros of some non-negative polynomial f € lin F, see [KS66| p. 28,
Thm. 5.1 (b-1)], see Problem[4.7] For our main example(s), the algebraic polynomials
with gaps, this holds.

The same problem appears in [KN77, p. 36, Thm. 1.3]. A weaker but correct
version is given in Theorem below.

Theorem4.22] with the condition that # is an ET-system [KS66, p. 28, Thm. 5.1]
is given below in Theorem [5.20} o

Remark 4.28. Assume that in Theorem we have additionally that fy, ..., f, €
C'([a,b],R). Then in 1i we can set xi]) =x;+j ' foralli =0,...,m and
J > 1.For j — co with ¢; := j™ we then get
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M det fO fl f2 ce f2m—1 f2m

go(x) = jli_{lc}oJ 1 1

X X1 xX1+J7 ... Xm Xmt+J~
fox) .. fom(x)
fox1) oo fam(x1)
. Soxi +j7Y o0 i +7h
= lim j™ - det . )
Joeo : :
fO(xm) v me(xm)
fO(xm +j7]) cee f2m(xm +].71)
fo(x) e fom(x)
So(x1) fom(x1)
fo(x1+j'.')l—fo(xl) f2m<xl+j_.l)l_f2m(xl)
= lim det ! ! @.11)
Joeo : :
f()(xm) f2m(xm)
f()(xm"'jil)l_f()(xm) me(xm"'j?])l_me(xm)
= =

fo(x) ... foam(x)
Sox1) ... fom(x1)
. Sox1) oo f,(x1)

=de

Folom) - FomCim)
f()/(xm) fz'm(xm)

i.e., a double zero at x; is included by including the values f/(x;),i =0, ...,n. We
will define that procedure and need these definitions for ET-systems in Chapter[3] o
Corollary 4.29. Theorem[.26]also holds for intervals X C R, i.e.,

X = (a7 b)7 (a’ b]’ [a’ b)’ [a’ b]’ (aa OO)’ [a’ OO)’ (—OO, b)’ (_OO’ b]’ and R

(4.12)
with a < b.

Proof. We have that “(i) = (ii)” follows from Corollary 23] For “(ii) = (i)” we
apply Theorem[d.26]on [min; x;, max; x;]. O

We will now give a sharper version of Theorem [4.22] see also Remark [4.27]

Theorem 4.30 (see e.g. [KS66, p. 30, Thm. 5.2]). Letn € N and F be a continuous
T-system on X = [a,b]. Additionally, let x1,...,x; € X and y{,...,y; € X be
pairwise distinct points. The following are equivalent:

(i) There exists a polynomial f € lin F such that

(a) x1,...,xk are the non-nodal zeros of f and
(b) y1,...,y; are the nodal zeros of f.

(ii) 2k +1 < n.



4.5 Representation as a Determinant, Zeros, and Non-Negativity 59

Proof. (i) = (ii): That is Theorem[4.22]

(ii) = (i): Adapt the proof and especially the g;’s in (@) of Theorem
accordingly. Let z; < --- < zz4; be the x;’s and y;’s together ordered by size. Then
in g; treat every nodal z; like the endpoint a or b, i.e., include it only once in the
determinant, and insert for every non-nodal point z; the point z; and the sequence
29 € (21, zin1) with limj e 217 = 2, O
Corollary 4.31. Theorem[.30also holds for sets X C R of the form

(i) X =(a,b), [a,b), (a,b] witha < b,

(ii) X = (a’oo)’ [a’oo)’ (_Oo’b)’ (_Oo’b];
(iii) X ={x1,...,xx} CRwithk >n+1and x| < --- < xx, and
(iv) finitely many unions of (i) to (iii).

Proof. In the adapted proof and the g;’s in (#.10) of Theorem [#.26| we do not need
to have non-negativity, i.e., in the g ;’s sign changes at the y;’s are allowed (and even
required). O

Problems

4.1 Prove Corollary[4.3]

4.2 Prove Corollary 4.8]

4.3 Prove Corollary 4.9

4.4 Prove Corollary .10}

4.5 Prove Example [d.18]

4.6 Why does have at least one solution?

4.7 Assume in Theorem we not only have that ¥ = {f;}" is a T-system of
order n, but additionally that { f; :’:‘01 is T-systems of order n — 1. Then show that the
following are equivalent:

(i) The distinct points x1,...,x, € [a, b] are the only zeros of some non-negative
polynomial f € lin 7.
(>ii) Zf:l e(x;) <n.






Chapter 5
ET- and ECT-Systems

Curiouser and curiouser!

Lewis Carroll: Alice’s Adventures in Wonderland

In this chapter we introduce the concept of ET- and ECT-systems, i.e., extended and
extended complete Tchebycheff systems. The sparse algebraic polynomial systems
on (0, o0) are the main examples. Being an ET-system is required for certain Positiv-
and Nichtnegativstellensitze in later chapters.

5.1 Definitions and Basic Properties

We remind the reader that a function f € C"(R,R) has a zero at xo € R of
multiplicity (at least) m if

F®(x)=0  forallk=0,1,...,m— 1. (5.1)
For univariate polynomials f € R[x] this translates into a factorization
S(x)=(x—x9)™ - g(x) for some g € R[x]. (5.2)

While the concept of T-systems comes from the univariate polynomials, a relation
like (5.2) is in general not accessible for T-systems. Hence, we rely on the more
general (analytic) notion (5.1)) of multiplicity but still call it algebraic multiplicity.
At endpoints of intervals [a, b] we use of course the one-sided derivatives.

Definition 5.1. Let n € IN and let ¥ = {f;}I') € C"([a, b], R) be a T-system of
order n on [a, b] with a < b. F is called an extended Tchebycheff system (short
ET-system) on [a, b] if any polynomial f € lin ¥ \ {0} has at most n zeros in [a, b]
counting algebraic multiplicities.

Remark 5.2. 1t is clear that every ET-system is also a T-system by only allowing
multiplicity one for each zero. o

In Remark eq. (4.11) we showed how double zeros can be included in the
determinantal representation. Whenever we have C'-functions in 7 = { fitl, and

61
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X0 < < X=Xy <0< Xp

we define

fo(xo) ... fu(xo)

Folkiet) o i)
fO fi—l ﬁ ﬁ+1 ﬁ+2 fn . fo(-xi) fn(xi) (5 3)
X0 ... Xio1 (5 X)) Xig2 ... Xp foxi) oo fu(xi) ’

fO(xi+2) cee fn(xi+2)

and equivalently when x; = x;,1, Xk = X41, ... for additional entries.
We use the additional brackets “(” and “)” to indicate that x; is inserted in the

fos- .., fn and then also into f, ..., f, to distinguish (5.3) from Definition to
avoid confusion. Hence, in Definition [f.4] we have

det(fo"' fict fi fir1 fisr .. fn):o

X0 ... Xi—c1 Xi Xi Xjg2 ... Xp
since in two rows x; is inserted into fj, . .., f,, while in (5.3]) we have that

(fo--~ ficr fi fin1 fiz oo fn)

X0 - . Xi—1 (Xi Xi) Xig2 ... Xp

indicates that x; is inserted in fy, ..., f,, and then also into f(; yees S

Extending this to zeros of multiplicity m for C"~!-functions is straight forward
and we leave it to the reader to write down the formulas. Similar to we write
forany a < xg < x| < --- < x, < b the matrix as

X0 X1 ... Xp

when fo, ..., f, are sufficiently differentiable.

We often want to express polynomials f € linF as determinants only
by knowing their zeros xi, ..., xk. If arbitrary multiplicities appear we only have
x; < xp < .-+ £ x, where we include zeros multiple times according to their
algebraic multiplicities. Hence, for

X0=-"=X; < X4l ==X < ... < Xjql =00 =Xp

we introduce a simpler notation to write down (5.3)):
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(fo fifao.. fn) — (fo fi oo fu Jawr oo S St o S
x|xpxy oo x )\ (el xgy) (Ken e X)) o (Kl oo X))

(5.5)
Clearly € lin ¥. For to be well-defined we need # € C™~! where m is
the largest multiplicity of any zero.

We see here why we require in Definition F ={fi},, € C"([a,b],R). In
the case of xg = x| =--- = x, the functions f; need to be C"([a, b], R), not just
c" ([a,b],R).

Similar to Lemma[4.5| we have the following.

Theorem 5.3 ([KreS1] or e.g. [KN77, p. 37, P.1.1]). Letn € Nand ¥ = {fi}! ) C
C"([a,b],R) with a < b. Then the following are equivalent:

(i) F is an ET-system.
(ii) We have

det(fo fio.. fn)* 40

X0 X1 ... Xp

foreverya <xo <x; <---<x, <b.

Proof. Letx,...,x, € [a, b] with

a < xo=-=X; < Xjgl ==X < ... < X, ==X, < b
be the zeros of some f = Z?:o a, f; € lin . We get the coefficients ay, . . . , a, from
the system
f(xo0)
J' (xo0)
. aop
. * a
0=| £ (xp) :(fo Jr... fn) 1 5.6)
X0 X] ... X :
f(xi+1) 0 " :
: =M n
f(n_ik) (xik)
Hence, since xo, . . ., x,, are arbitrary we have (i) ¥ is an ET-systems & aqg = --- =
a, =0 & (5.0) has only the trivial solution < M has full rank & (ii). O

Remark 5.4. Similar to Remark 4.7 for T-systems we can assume after a sign change
in f, that for every ET-system ¥ = {f;}!" ) on [a, b] we have that

det(fOfl fn)*>0

X0 X1 ... Xp

holds foralla < xg < x; < --- <x, < bsince ¥ € C"([a, b], R). o

An even more special case of ET-systems and therefore T-systems are the ECT-
systems which we define now.
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Definition 5.5. Let n € Ny and let fy, ..., f, € C"([a,b],R) with a < b. The
family ¥ = {fo}_, is called an extended complete Tchebycheff system (short ECT-
system) on [a, b] if {f; l’.‘:o is an ET-system on [a, b] forall k =0, ..., n.

5.2 Wronskian Determinant

To handle and work with ECT-systems it is useful to introduce the following deter-
minant.

Definition 5.6. Let n € INy and let fy,..., f, € C"([a,b],R) be with a < b.
For each k = 0,...,n we define the Wronskian determinant (short Wronskian)

(W(fo,...,fk) of fo,..., fr tobe

fo £l o
N

(W(fo’fl"-"fk) = det (57)

P 3
S o 10

The Wronskian is a common tool in the theory of ordinary differential equations.
In the previous definition (5.7) we could also shortly write

fofi oo fi)
X X .. )

X

W (for- s fr)(x) := det(

for all x € [a, b].

Letmy,...,my € Nwithmy+---+mg =n+1andx; < --- < xg. Then the first
m columns of W (fo, ..., fu) are the m; columns in
fo -

*
. fm1—1 fm1 fm1+m2—1 fm1+mz fn)

X1 .. X1 X2 ... X2 X3 e Xk
involving x;.

Lemma 5.7. Letn € N, let ¥ = { f;}!') be an ET-system on [a, b] witha < b, and
let g € C"([a, b],R) with g > 0. Then

G :={gitiy with gi:=g-fi
is an ET-system and we have

W(go, - 8n) = & - W(fo, -, fo)-

Proof. See Problem O
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Lemma 5.8. Let n € Ny, let ¥ = {fi}!_, be an ET-system on [c,d], and g €
C"(la, b], [c,d]) with g’ > 0 on |a, b]. Then

G ={ficgliyy with gi:=fiog
is an ET-system on [a, b] with

n(n+l)

W(go,-.-.8n) = (&) 7 - WC(fo..... fu) 0 g
Proof. See Problem[5.2] |

For the Wronskian the following reduction property holds.
Lemma 5.9 (see e.g. [KS66, p. 377]). Letn € Nyandlet fy, ..., f, € C"([a,b],R)

be with a < b and fy > 0. Then for the reduced system go,...,8n-1 €
C" '([a, b],R) defined by
fix1 ),
;1= (5.8)
8 ( Jo
foralli=0,...,n—1we have
W(fos--os fu) = f - W(go, .-, gn1). (5.9)
Proof. See Problem[5.3] O
Remark 5.10. Since fy, ..., fn € C"([a, b],R) we have that W(fy, ..., fi)(x) is
continuous in x € [a, b] and hence after adjusting the signs of fj, ..., f,, we have
that (5.7) being non-zero on [a, b] is equivalent to W ( fo, ..., fx) > O on [a, b] for
all k =0,...,n, see also Remark [4.7]and Remark [5.4] o

Lemma 5.11 (see e.g. [KS66, pp. 242-245, Lem. 5.1 - 5.3]). Let n € Ny and let
f1s-- s fn € C"(a, b], R) be such that

(W(f0)>0, ey (W(f(),...,fn)>0

on [a, b]. Define functions gy, . ..,gn : [a,b] — R by

go:=fo
g1:=Dyfi
g :=D1Dofp

gn:=Dyu_1...D1Dofy
with ,
) , l.e., Dj=——'. (5.10)

Then



66 5 ET- and ECT-Systems
(i) gi € C""'([a, b], R) are well defined with

g1 = W(fo, f1) _ W, fi) - W(fo,.... fi-2)
iy W(fo.....fi-1)?

foralli=2,...,n,
(ii) g; >0on[a,b] foralli=0,...,n
(iii) for any gn+1 € C([a, b], R) with g,+1 > 0 on [a, b] we define

and gi

X Y1 Yn
fua1(x) = go(X)/ g1(y1)/ gz(yz)"'/ &n+1 (Vn+1) dypsr ... dyy

a

and we get
gn+1 = Dy ... D1 Do frs1,

(iv) forall k =0,...,n+ 1 we have
W(fo,.o fr) =857 8gF -+ g

with gne1 and fu41 from (i),
(v) there exists a fn41 € C"([a, b],R) such that

(W(f()» e ’fn’ fn+1) >0

on [a,b], and
(vi) forall k =0,...,n+ 1 the families { f; f:o are T-systems on [a, b].

Proof. (i) and (ii): Since ‘W (fy) > 0 we have fy > 0 and hence g| = (f1/fo)’ is
well-defined and we have

W i , ' _ ’ ’
(f(; /1) =f0‘2~det(f0 fo,) _ Joi 2flfo _ (ﬁ) .
f() h fl f() Jo

i.e., g1 > 0 on [a, b]. The relations for g; for all i = 2,...,n follow by induction

from Sylvester’s identity [Syl5 1, IAAMOG].

(iii): From the definition of f;,+; we get immediately g,+1 = Dy, ... D1 Do fu+1-

(iv): Follows immediately from (i).

(v): Take the f;,+ from (iii).

(vi): For £k = 0 it is clear that {fi}?=o is a T-system since fy > 0 on [a, b].
So assume that for any fy,..., fu—1 with W(fo,..., fr) > 0 on [a,b] for all
k=0,...,n—1wehave thatall { f; f'{:o withk =0,...,n—1 are T-systems. We show
that { f; ?:0 is also a T-system. So let xg, ...,x, € [a,b] withxg < x| < -+ < xp.
We then have

X n

safly 1 ) -t

and factoring out fy(x;) > 0 in each column gives
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n
~ n
=[] fox)) - det (fix)))? 1o
J=0

with f; := fi/fo foralli = 0,...,n and substracting from each row its predecessor
(the row above) gives

= ]—[ Jo(xj) - det (0,5, fi(x;) = frCxjm1)s .o fulxy) = fn(xj—l))’;:(y

Jj=0

Expanding along the first column and applying the theorem of the mean gives

n n—1 n—
= l_lfo(xj) : l—[(xm —x;) - det (ﬁ(YJ)), i
=0 i=0 Li=0

for some yg,...,yp—1 With xg < yp < X1 < y1 < - < Y1 < Xp andﬁ =
(fi+1/fo) foralli =0,...,n — 1. The family {f; ;’:‘01 is the reduced system from
Lemma|[5.9)and hence by (5.9) we have

(W(fo""7fk)

>0
f0k+1

(W(fB, "’fkfl) =

on [a, b] forall k = 1,...,n. By the induction hypothesis we have that {ﬁ-};‘:’ol isa
T-system, i.e.,
n-1

_O;eo = det(f""' f”);&o

i,j= X0 ... Xn

det (fi()’j))

and {f;}_ is a T-system which ends the proof. O

The previous lemma is used to characterize all ECT-systems.

5.3 Characterizations of ECT-Systems

We have the following characterization of ECT-systems.

Theorem 5.12 (see e.g. [KS66, p. 376, Thm. 1.1]). Letn € Ny and let fy, ..., fn €
C"([a, b],R) be with a < b. The following are equivalent:

(i) F ={fi}l, is an ECT-system.
(ii) Forallk =0, ...,n we have that W (fy, ..., fr) # 0on [a, b].
After adjusting the signs of fp, ..., f, by Remark[5.10] we can in Theorem [5.12]

(ii) also assume that W (fy, ..., fxr) > 0on [a,b] forall k =0, ..., n.
The following proof is adapted from [KS66, pp. 376-379].
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Proof. (i) = (ii): Since every ECT-system is also an ET-system the statement is
Theorem[5.3] (i) = (ii) because

fofi... fk)*

X X ... X

Mdmuwﬁﬂﬂ=(

for all x € [a, b].

(i) = (i): To show that F is an ECT-system we have to show that { fi}f:o is an
ET-system for all k = 0, ...,n. And to show that {fi}fzo is an ET-system it is by
Theorem 3.3 sufficient to show

det(fo fio.. fk)* 40

X0 X1 ... Xk

forevery a < xo < x1 < --- < xx < b. We make two case distinctions:

Case I: All xg, ..., xy are pairwise distinct: xg < x1 < -+ < Xp,.
Case II: At least once we have x; = x;,; forsome j =0,...,n— 1.
After renaming xo,...,X; we can assume a < x; < x < --- < x; < b and
mi,...,m; € IN are the algebraic multiplicities with m; + - - - + m; = n + 1 for some
[ € INp.
Case I: We have mg = - -- = my = 1 and that is Lemma [5.1T] (vi).

Case I1: We assume m ; > 2 for some j. We show that we can reduce the system.

We show this reduction by induction over n.

Induction beginning (n = 0): Since W ( fy)(x) # Oitis an ET- and an ECT-system.
We can assume by changing the sign of fj that fy > O on [a, b].

Induction step (n — 1 — n): By the induction beginning (n = 0) we can assume
fo > 0on [a,b]. Then we have to show that

%

det [0 F1 -+ Tt fons - S (5.11)

X1 X1 ... X1 X2 ... X

is non-zero. To show this we factor fo(x;) > 0 out of the m; rows containing x; in

(3.11)) foreach j = 0,...,1 to get

1y 1 fi
T I C S I R ey %)

| A / /
Bl F0) . () R) o A () |

det

- o :
Iney) oy B () () L L ()

Then subtract from each of the columns containing x; a linear combination
of its predecessors to obtain for these m; columns the first m; columns of

W, fi/ fo, ..., ful fo) evaluated at x;:
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o) e ()" e ()"

o (4 )(xn (& )("”_”(xl) o (8)™ @)

det
e (2) 0o (2) ™7 0 e ()7
1 0 0 ... 0
; %(Xl) (;T) (x1) - ( )( s () %(xz) (%)(W_l)(xl)
= det . . . .

<x1>( )(xn () ) e (2) 7

The Leibniz rule on differentiation, here for us explicitly

(fo) _,Z_:o J i fo)

ensures that this is always possible.

We then subtract from each column which starts with a 1 its predecessor which
also starts with a 1 and apply the mean value theorem to get apart from the positive
factor (xj41 — x;)

1 0 0 0 0 0
fow (4 )(xo (£)" " o (£ )'(n)( D e (5)" )

det

ey (Y e ()™ e () 09 (£) 0 (2) "

with x| < yp < xp < --- < x; and expanding by the first row gives

(%)'(m... (£)" " o (£ ) () (£ )(xz) ()™

det

(& ) o (2" ) (2 ) o9 (5 o (2) ™ o
In (5.12) we now have the reduced system g; := (fi41/fo)’ withi =0,. .. ,(2{21)

from in Lemma[5.9] By (5.9) in Lemma [5.9) and since the reduced systems is
of dimension n — 1 where the inductions hypotheses holds we have that (5.12)) is

non-zero and hence also (5.11)) is non-zero which we wanted to prove. |

Remark 5.13 (see e.g. [KS66, p. 379, Rem. 1.2]). We find the following complete
characterization of ECT-systems which requires the additional property (5.13). For-
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tunately, this seemingly additional property can always be generated by a change of
basis vectors, i.e., for any vector space spanned by an ECT-system a suitable basis
with (5.13) can be found. o

Theorem 5.14 (see e.g. [KS66, p. 379, Thm. 1.2]). Letn € Ny and let fy, ..., f, €
C"([a, b], R) be such that

fj(k)(a) =0 (5.13)

holds for all k = 0,...,j — 1 and j = 1,...,n. After suitable sign changes in
fo, - - -, fn the following are equivalent:

(i) There exist g, . .., gn with g; € C""'([a,b],R) and g; > 0 on [a, b] for all
i=0,...,n such that

Sfo(x) = go(x)
£100 = golx) - f ¢1(y1) dy,

X Y1
fa(x) = go(x) - / g1(y1) - / g2(y2) dy2 dy;

X i Yn-1
fn(x)=go(x)~/ gl()’])‘/ g2(»2) / &n(yn) dy, ... dy2 dyy.
(ii) {fi}!, is an ECT-system on [a, b].
(iii) W(fo...., fi) > 0on[a,b] forallk =0,...,n.

If one and therefore all of the equivalent conditions (i) — (iii) hold then the g; in (i)
are given by

. d 1
go:=fo and g;i:=D;_1...D1Dof; with D;:= 5]70
foralli=1,...,n orequivalently by
0= fo. g1 = W(fo, f1) and g = W foreo s )W (o s fi2)
, f02 ' (W(f(),.. "fi—l)z

foralli=2,...,n.

Proof. “(ii) & (iii)” is Theorem [5.12] “(iii) = (i)” is Lemma [5.11] (i) — (iii), and
“(i) = (ii)” is Lemma[5.11] (iv). O

Condition (ii) in Theorem @ is of course to be understood after suitable sign
changes in fy, ..., fu.

The partial statement Theorem @ (i) = (ii) can be found e.g. in [KS66, p. 19,
Exm. 12] and [KN77, pp. 39-40, P.2.4].
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5.4 Examples of ET- and ECT-Systems

An equivalent result as Corollary [4.3] for T-systems, i.e., restricting the domain X of
a T-system leads again to a T-system, also holds for ET- and ECT-systems. We leave
that to the reader, see Problem [5.4] Hence, it is sufficient to give (examples of) ET-
and ECT-systems with the largest possible domain X C R.

While the condition of being an ET-system or being even an ECT-system seems
very restrictive, several examples are known.

Example 5.15. Letn € Ng and ¥ = {xi};‘zo. Then # on R is an ECT-system. o
Proof. Clearly, ¥ ¢ C*(R,R) and every non-trivial f € lin ¥ = R[x]<, has at

most # real zeros counting multiplicities by the fundamental theorem of algebra, i.e.,
¥ is an ET-systems. Besides that we have that

1 0 0 .0
X1 0 L0
2

W(,x,x%, ..., xF)(x) = det| ¥~ 2% 2 O
x* kK k(k = Dxkt L k!

holds for all x € R and k =0, ..., n which shows that ¥ is also an ECT-system. O

Example 5.16. Let ¥ = {1,x,x3} on [0, b] with b > 0. Then ¥ is a T-system (see
Example|4.15) but not an ET-system. To see this let xo = x; = x, = 0, then

« (100
fo i 2\ _
000l = 010].
000
This shows that ¥ is not an ET-system. )

In the previous example the position x = 0 prevents the T-system to be an ET-
system. If x = 0 is removed then it is even an ECT-system.

Example 5.17. Let ay, ..., a, € No withag < @) <--- < a,. Then F = {x*}
on (0, co) is an ECT-system. For n = 2m and 0 < x; < x5 < --- < X, we often
encounter a specific polynomial structure and hence we write it down explicitly once:

xa’() xa’l x“’Z . x(lZm—] xa/Zm
det
x (x1x1) ... (Xm Xm)
@y @i [e%) @2m-1 @2m
. _ x® x X Lo X X
= lim ™ - det
£50 X X| X{1+E&€... Xm Xmt+e&E

= lim lﬁ[(xi —x)(xi +a—x>l A T G =202 =xi = &) +2-x)

I<i<j<m

(5.14)
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X Sq(X,X1,X1 + &, ..., Xy Xn + E)
m
— 2 4
=[ei-02 ] @r=x0*saloxixt, o xmxm)
i=1 I<i<j<m
where s, is the Schur polynomial of @ = (ay, . .., @,) [Mac95]. Hence,
Sa (X, X1, X150 Xy Xn)
is not divisible by any (x; — x). o

Proof. Combine the induction

S (x4 h) = O (x)

(m+l) =1
om0 () = lim

h
and
x@ . x9n
det(x0 x, ) = 1_[ (xj = xi) - Sa (X0, . .., Xn)
0<i<j<n
where s, is the Schur polynomial of @ = («ay, . .., a,). ]

With Theorem the previous example can be generalized.
Examples 5.18 (Examples and continued). Let n € INy and let
—o< o <a <---<ay <®

be reals. Then

(@ F={x%,...,x%}on X = (0, 00) (Example 4.16) and
(b) G={e™,...,e™*} onY =R (Example4.17)

are ECT-systems. o
Proof. See Problem[5.6 o

In Problem [5.5] we will see that also Example [4.19)are ET- and ECT-systems.

5.5 Representation as a Determinant, Zeros, and Non-Negativity

Similar to Theorem we have the following for ET-systems, i.e., knowing n zeros
of a polynomial f counting multiplicities determines f uniquely up to a scalar.

Theorem 5.19. Let n € No and let ¥ = {fi}! ) € C"([a, b], R) be an ET-system.
Let x1,...,x, € [a, b] with

X1 ==X < Xij+1 = 0 = Xij+ip < ... < Xij4eotig_1+1 = * 00 = X4 tig=n
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for some k,iy,...,ix € Nandlet f €linF. The following are equivalent:
(i) fO(x;)=0forall j=1,...,kand1=0,...,i; - L.
(ii) There exists a constant ¢ € R such that

f(x) =c-det({c0

... fn).

X1 X2 ... Xp

Proof. (ii) = (i): Clear.

(i) = (ii): If f = 0 then ¢ = 0 so the assertion holds. If f # 0 then there exists
apoint xg € X \ {x1,...,x,} such that f(xg) # O since ¥ is an ET-system. Then
also the determinant in (ii) is non-zero and we can choose ¢ such that both f and
the scaled determinant coincide also in xq. Since ¥ is an ET-system we have by

Theorem [5.3] that .
(fo fio.. fn)

X0 X1 ... Xp

has full rank, i.e., the coefficients of f and

c~det(f0 fi fo... fn)

X| X1 X2 ... Xp

coincide. ]

The following result is a strengthened version of Theorem It is a small
extension of e.g. [KS66, p. 28, Thm. 5.1] with explicit multiplicities of the zeros of
a non-negative polynomial.

Theorem 5.20. Let n € Ny and let F = {f;}!, be an ET-system on [a, b] with

a <b. Letx) <--- < xginla,b] and let my,...,my € IN for some k € IN. The
following hold:
(a) Ifmi+---+my < nandm; € 2NN forall x; € (a, b) then there existsa f € lin F
such that
(i) f=00n|a,b],
(ii) f has precisely the zeros x1, . . ., Xk,

(iii) the zeros x; € (a, b) of f have multiplicity m;,
(iv) if x1 = a then x1 = a has multiplicity my or m; + 1, and
(v) if xx = b then x = b has multiplicity my or my + 1.

(b) If ¥ is an ECT-system or m| + - - - + my = n then there exists a f € lin ¥ such
that

(i) f=0o0nla,b],
(ii) f has precisely the zeros x1, . .., Xk, and
(iii) the zeros x; of f have multiplicity exactly m;.

Proof. (a):Setm :=m+---+my. Ifallxy,...,x; € (a,b) and n = m+ p for some
p € INy then the polynomial
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f(X)=(—1)P-det(f° S T Sper oo fpemi - fn)

+ det (fo

x|{(a...a) (x; ... x1) ...xx)

Fi oo foyooe Fn fonel fn)

x|{(xp ... x1) ... xx) (b ... D)

fulfills the requirements. If x; = a and/or x; = b then include x; = a@ with multiplicity
my or m; + 1 and x; = b with multiplicity my or my + 1. Use the choice m
or my; + 1 resp. my or myp + 1 to let p € 2Ny and add y and z with xx_; <

y < z < Xg. Once construct a polynomial with the zeros xi,...,xk,y with the
corresponding multiplicities and add another polynomial with the zeros xy, . .., Xk, z
with the corresponding multiplicities to it as above.

(b): Use {fi}", as the ET-system in (a). O
Problems

5.1 Prove Lemmal[5.7]
5.2 Prove Lemmal[5.8]
5.3 Prove Lemmal[5.9

5.4 (a) Letn € INg and let ¥ = {f;}, be an ET-system on [a, b] for some a < b.
Show that ¥ on [a’, b’] witha < a’ < b’ < b is also an ET-system.

(b) Show (a) for ECT-systems.
5.5 Prove that Example[d.19]is an ECT-system.
5.6 Prove that the Examples [5.18]are ECT-systems.

5.7 Let

F = {LXZ,x3’x5’x8’x11’x13,x42}

on [0, o). Give an algebraic polynomial f € lin ¥ such that
(a) f is non-negative on [0, o),
(b) f has x; =1 as a zero with multiplicity m = 2,

(c) f hasxy =3 as a zero with multiplicity m, = 4, and
(d) f has no zeros in [0, co) other than x; and x».



Chapter 6

Generating ET-Systems from T-Systems by
Using Kernels

Life is a short affair;
we should try to make it smooth, and free from strife.

Euripides: The Suppliant Women [Eur13| p. 175]

We have seen that ET- and especially ECT-systems have much nicer properties than
T-systems. Therefore, especially for technical reasons, it is desirable to smoothen a
T-system into an ET-system. Usually, a function is smoothed by convolution with
e.g. the Gaussian kernel. This procedure is also used for T-systems.

The smoothing of T-systems into ET-systems is used in the proof of the main
theorem, Karlin’s Theorem Therein, at first the result is proven for ET-systems
and then in a second step the T-system is smoothened into an ET-systems and a limit
procedure gives then the statement also for the T-system. Readers only interested in
the polynomial cases can skip this chapter, go directly to Chapter [7] and use only
the first part of the proof of Karlin’s Theorem [7.1] since the polynomials are already
ET-systems.

6.1 Kernels

Let X and Y be sets and
K: XxVY —->1R

be a bivariate function, also called kernel. A family {f; :.1:0 on Y can then be seen
as a special case of K with X = {0, 1,...,n}, ie., f; = K(i, -) foralli € X. For a
kernel K we define the short hand notation

X0 X1 ... Xp n
K =det(K(x;, yi))t .. 6.1
(yo Y1 ... yn) e( (x‘ yJ))l,]—O ( )

Definition 6.1. Let k € INyp, X and Y be ordered sets, and K : X XY — R be a
kernel. The kernel K is called totally positive (of order k), short (TPy) property, if
foralli =0,1,..., k we have

K()q X2 ... Xi)ZO
Yry2... )i

75
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forall x; < xp < -+ < x5, ¥1 < y2 < -+- < y;,and (x7,y,,) € X x Y for all
I,m = 1,...,i. The kernel K is called strictly totally positive (of order k), short
(STPy), if we always have

K[ X xi 50
yry2... Vi

For more on sign regular kernels see e.g. [Kar68] and [GM96].

Corollary 6.2 (see e.g. [KS66, p. 10, Exm. 3]). Let n € Iy, let K be a STPy41
kernel with X = [a,b], Y = [c,d] and K(x, -) € C([c,d],R) for all x € X, and
letxo <x1 <---<x,inX.

Then {K (x;, -)}f.‘:O is a continuous T-systemon Y = [c,d] forallk =0, ..., n.

Proof. Follows immediately from Lemma[4.5] O

Definition 6.3. Letk € IN, X = [a,b], Y = [c,d],and K : X XY — IR be a kernel
such that K (x, -) € C*(Y,R) for all x € X. We define

*

K*(XI X2 ... .X'k) = det (K()q, ) K(x2, ) K(.Xk, ) (62)
1

Yiryz2... Yk y2 Yk

forallx; <xp <---<xxinXandy; <y, <---<yrinV.
We say K is extended totally positive (of order k), short ETPy, if for all i =

1,2,...,k we have
K*(xl X2 ... xi) >0
yry2... Vi
forallx; <x; <---<x;inXandy; <y, <---<y;inY.
Corollary 6.4 (see e.g. [KS66, p. 10, Exm. 3]). Let n € Ny, let K be an ETP,4,
kernel with X = [a,b], Y = [c,d] and K(x, -) € C"([c,d],R) forall x € X, and

letxo <x1 <---<x,inX.
Then {K(x;, )}, is an ECT-system on Y = [c, d].

Proof. Follows immediately from Theorem O
Example 6.5. Let X =R, Y = [a,b] C (0, ), and K(x,y) = y*. Then K is ETPy
for all k € IN. o
Proof. Follows immediately from Examples [5.18] 0

Example 6.6 (see e.g. [KS66, p. 11, Exm. 5]). For any o > 0 the Gaussian kernel

Ko (x,y) =

= exp (—% (x _ y)z) on X xY =R? (6.3)

o o

is ETPy for any k € IN.
The proof is adapted from [KS66, p. 11].
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Proof. 1t is sufficient to show that K (x, y) = e~ =" is ETPy for all k € IN,.
In Example (b) we have seen that {e®*}"  is an ECT-system on R for all
ne€Ngandall op < @) < --- < @, in R. Hence, by writing

n n
Fa(x) = Za" e (ximx)? as £i(x) = o Z a; - o= X g2xix

i=0 i=0

we see that f;, has at most n zeros (counting multiplicities) in R if ag,...,a, € R
witha(z)+-~~+aﬁ>0. O

6.2 The Basic Composition Formulas

The following equations (6.4) and are the basic composition formulas.

Lemma 6.7 (see e.g. [KS66, pp. 13-14, Exm. 8]). LetK : [a,b] X [¢,d] — R and
L : [c,d] X [e, f] = R be kernels. Let u be a o-finite measure such that M (x, z)
defined by

d
M:la.b]x[e,f] =R, M(x.2) = / K(x.y) - L(y.2) du(y)

exists for all (x,z) € [a, b] X [e, f]. The following hold:

(i) M is a kernel.
(ii) Forallk e N, x; < --- <xpin[a,b],and zy < --- < z in [e, f] we have

M(xl xk):
21 .-

2k
X1 ... Xk . yi ... Yk
/ ‘/K(yl yk) L(Zl Zk) du(yy)...du(yr). (6.4)

c<y|<-<yr<d

(iii) If L(y, -) € C*"'([e, f],R) for some k € N and

d
O M (x,2) = / K(r.y) - 9 L(y.2) du(y) 6.5)

holds for alli =0, ...,k — 1 then

21« 2k

[ LR ef  awon a0

c<y;<---<yr<d

M*(xl xk) _
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forallxy < --- <xypinla,bl,andz; < --- < zx in [e, f].

Proof. (i) is clear, (ii) follows by straight forward calculations, see e.g. [PS70, p. 48,
No. 68], and (iii) follows from (ii) with (6.3). O

6.3 Smoothing T-Systems into ET-Systems

With the Gaussian kernel from Example [6.6| we get from Lemma[6.7] the following
smoothing result.

Corollary 6.8 (see e.g. [KS66, p. 15]). Letn € No and F = { fi}!) be a continuous
T-system on [a, b]. For any o > 0 let

ew(-3 (2] onx-m

Ks(x) :=

) 2 \o

be the Gaussian kernel and define fi o = fi * K5 for all i = 0,...,n. Then
Fo = A{fi.o}1 is an ET-system.

Proof. See Problem[6.1] o

If F is a continuous T-system on [a, b] then
lim frr () = /i)

forallx € (a,b) andi =0,...,n.

Corollary 6.9. If {f; {.‘:0 in Corollaryis a T-system for all k =0, ..., n then F
is an ECT-system.

Proof. Apply Corollary[6.8|for every k =0, 1,...,n. |

Approximating a T-system by ET-systems with the Gaussian kernel is often used
[GKO2.ISch53)|Kar68], see also [KS66, p. 16]. We will need it in the proof of Karlin’s
Theorem[Z.1]

Problems

6.1 Prove Corollary [6.8]from Lemma
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Chapter 7

Karlin’s Positivstellensatz and
Nichtnegativstellensatz on [a, D]

Beauty is the first test: there is no permanent place
in this world for ugly mathematics.

Godfrey Harold Hardy [Har69, §10, p. 85]

We now come to the main result (Karlin’s Theorem [7.T)) and its variations: Karlin’s
Positivstellensatz[7.3|for T-systems on [a, b] and Karlin’s Nichtnegativstellensatz[7.6|
for ET-systems on [a, b]. Earlier versions were already developed in [KS53]]. Both
results are used in the following chapters to prove Karlin’s Positivstellensatz for
T-systems on [0, o), Karlin’s Nichtnegativstellensatz[8.3]for ET-systems on [0, o),
Karlin’s Positivstellensatz [8.4] for T-systems on R, and finally Karlin’s Nichtnega-
tivstellensatz [8.3] for ET-systems on RR.

The main applications and examples will be the various sparse algebraic Posi-
tivstellensitze and sparse algebraic Nichtnegativstellensitze in Part[[V]

7.1 Karlin’s Positivstellensatz for T-Systems on [a, b]

For the following main result we remind the reader what it means that a set has an
index, see Definition If x € (a, b) then its index is 2 and if x = a or b then its
index is 1. The following result is due to Karlin and we name it therefore after him.

Karlin’s Theorem 7.1 (for f > 0 on [a, b]; [Kar63, Thm. 1] or e.g. [KS66, p. 66,
Thm. 10.1]). Letn € No, F = {fi}!, be a continuous T-system of order n on [a, D]
with a < b, and let f € C([a,b],R) with f > 0 on [a, b] be a strictly positive
continuous function. The following hold:

(i) There exists a unique polynomial f. € lin F such that

(a) f(x) = fu(x) = 0forall x € [a,b],

(b) f. vanishes on a set with index n,

(c) the function f — f. vanishes at least once between each pair of adjacent
zeros of f,

(d) the function f — f. vanishes at least once between the larges zero of f. and
the end point b, and

(e) f.(b) > 0.

81
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(@n=>5

(byn=6

Fig. 7.1: The functions f € C([a, b],R) with f > 0 (black), f. € linF (red), and
f* € lin ¥ (blue) from the Karlin’s Positivstellensatzwith n=5andn =6.

(i) There exists a unique polynomial f* € linF which satisfies the conditions
(a) to (d) of (i) and

(e’) f*(b) =0.
Examples of f; and f* are depicted in Figure[7.1] for an odd and an even n.
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The proof is taken from [KS66, pp. 68—71]. The proof constructs the polynomials
f+ and f* by using the Fixed Point Theorem of Brouwer [Brolll, Satz 4], see also
e.g. [Zei86, Prop. 2.6][1]

Proof. We distinguish three different cases.
Case 1: Letn = 2m and let ¥ be an ET-system. We construct f, in (i) as follows.
For each point & = (&, .. ., &) in the m-dimensional simplex

gm = {(go,...,gm) eR™!&>0,i=0,1,...,m, Zg,-:b—a} (7.1)
i=0

set
i-1
X = a+Z§k
k=0
foralli =0,...,m and define
— folfi foois fumt S
fg(x) =cCg det(x X1 XL X X (7.2)

with c¢ € R such that f¢ = Y7 a;f; > 0on [a,b] withad +---+aj = 1.1f p of
the points x; coincide, this common point is to have multiplicity 2p.
Define

0i(£) :=min{6§ >0|5- f = Ug on [xi, xiv11} (7.3)
foralli =0,...,m with xg = a and x,,+1 = b. The coefficients a;(£) are continuous
in ¢ and hence the functions §;(£) are continuous in &.

Next, define
Fi(®) i= 6:(8) = min 0,.(8) (7.4

foralli = 0,...,m and set F,,11(¢) = Fy(&). If there does not exist a point & such
that F;(¢) = Oforalli =0,...,m, then 372 F;(¢) > 0 for all ¢ € Z™. In this event
the continuous mapping

. Fip1(€)
JLEM S EM Es & with &= 22— (b—a)
ZZL:O Fk (f)

foralli =0, ..., mis well-defined. The Fixed Point Theorem of Brouwer affirms the
existence of a point &* € E™ for which

, Fi1(€7)

&= ———-(b-a) (7.5)
X Fr(é€)

1 Note that in [Zei86] the work Uber Abbildungen von Mannigfaltigkeiten [Broll] is incorrectly
dated in the references and Proposition 2.6 on p. 52 to the year 1912 while the paper actually
appeared in 1911 in the Mathematische Annalen. However, we also want to point out that Zeidler
gives three proofs of the Fixed Point Theorem of Brouwer, including a constructive one in [Ze186\
pp- 254-255, Problem 6.7¢].



84 7 Karlin’s Positivstellensatz and Nichtnegativstellensatz on [a, b]

foralli =0,...,m.By we have that for any ¢ € E we have F;(¢) = 0 for some
i. Suppose F;(£*) = 0 for some fixed j =0, ...,m. Then implies £7_| = 0. By
and imply F;_;(£*) = 0. Continuing in this way we get F;(£*) = 0 for all
i=0,...,Jjandsince F,,+1 (&) = Fo(€) we have F;(¢*) =0foralli =0,...,m. But
this contradicts our assumption Y. F;(¢*) > 0. Therefore, there exists at least one
point £* € Z such that §;(¢§*) = ¢ foralli =0, ..., m. Since fg # 0 it follows that
0 > 0 and hence all x; are distinct, i.e.,

a=x9g<x;<-+-<Xu=h.

Hence, f. = 67! - f¢+ by the nature of its construction fulfills the requirements

(a) - (e) of (i).
For f* we let xo = a and x,,, = b and we define similar to (7.2} the polynomial

folfi fofs oo fa2 fua fn)_
X

a X1 X| -.. Xme1 Xm—1 b

ge(x) i=dg - det(

Repeating the arguments from above we get f* which fulfills (a) — (d) and (¢’) in (ii).
Case 2: Letn = 2m + 1 and let ¥ be an ET-system. Similar to case 1, we define
the polynomials

fo

fg(x) = d‘f . det( Y

AH - fa fn)_

a Xy Xy ... Xm Xm

and
Jo

X

gg(x):zdé:-det( X1 X1 ... Xm Xm b

fl f2 fn—Z fn—l fn)

Repeating the procedure of case 1 gives the statement.
Case 3: Letn = 2m and ¥ be a T-systems. Then we consider the functions

b
an:/'muJ»mww

where
1

(5]

exp |—=

o - N2 2\ o

with o > 0, see Chapter@ By Corollarywe have that ¥ == {fi(-; o)} is an
ET-system on [a, b] and hence also on any subinterval [a’, b'] witha < a’ < b’ < b.

The need to restrict the system ¥, to the proper interval [a’,b’] is due to the
annoyance that at the end points x = @ and x = b we have

K (x, y) =

ggﬁuuﬂ=%ﬁa>

foralli =0,...,n while for x € (a, b) we have
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lim f;(x;0) = fi(x).
lim f,(x:) = £,(x)

From the cases 1 and 2 we find that for any oo > 0 we have a polynomial f »
satisfying conditions (a) — (e) of (i) on the interval [a’, b"]. If

n

o= ai(@) - fi-,0)
i=0

we can chose a sequence oy \, 0 and let xfk), . ,x,(,f) be the zeros of fi .

Additionally, let y{*',. .., y*), be the points which interlace with {x\}7 _i.e.,
a < yfk) < xfk) <o<xiP < y'(ﬁl < b’ and satisfying f(yl(k)) = f*,ak(y,(k))
foralli=0,...,m+1.

Since f(x) > fi. = 0on [a’, b'] and solving the system of equations

n

froo(x)) = Y ai(@) - filxj;0)

i=0

fori =0,...,n we find that these quantities are uniformly bounded. We now select
a subsequence {0y } from {0} with the property that as k&” — co we obtain

a;(op) — a; foralli =0,...,n,
Y >y, forall j=1,...,m+1,
) s foralll=1,...,m
and
@ <y Ex1 < S xSy <D
The function f 4/ pr = Z?:o a; - f; vanishes atall x;, [ = 1, ..., m, and equals f
atall y;, j =1,...,m+ 1. Therefore, since f; 4, is continuous we see that

a' <y <x1 <+ <Xy <Ymy1 < b

Hence, f. . satisfies (a) — (e) of (i) on the interval [a’, b'].

Performing a last limiting procedure letting a” ™\, a and b’ ,” b we obtain a
polynomial f, satisfying (a) — (e) in (i) on the full interval [a, b].

For f* the same procedure gives the desired polynomial satisfying the conditions
(a) — (d) and (¢’).

Uniqueness of f. and f*: Let n = 2m. Observe that if another polynomial f,
with properties (a) — (e) exists then it must have m interior zeros Xy, . . ., X,,,. Denote
by x1, ..., X, the zeros of f.. Without loss of generality we can assume that either
X <xjorX; =x;and f,— ﬁ is non-negative in some interval (x| — &, x1). Otherwise
we interchange the roles of f, and f.. We count the zeros of g := f, — f.. We say g
has a zero in the closed interval [c, d] if

* g(t) =0fortg € (c,d),
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e g(c)=0andg >0on (c,c+¢),or
e g(dy=0andg >0on(d-¢,d).

Counting zeros in this fashion we see that g has at least two zeros in each of the
intervals [x;_1,x;] fori = 1,...,m where xo = a and at least one in the interval
[x:m, b]. In total g vanishes at least n + 1 times. Notice, that certain non-nodal zeros
of g have been counted twice and hence by Theorem [4.22| we have g = 0.

In a similar way we get uniqueness of f* and also in the case n = 2m + 1. O

Note, in the previous result we do not need to have f € lin #. The function f
only needs to be continuous and strictly positive on [a, b].

An earlier version of (or at least connected to) Karlin’s Theorem combined
with Theorem[4.22](which was used in the proof of Karlin’s Theorem([7.1) is a lemma
by Markov [Mar84], see also [ST43| p. 80].

Lemma 7.2 ([Mar84], see also [ST43, p. 80]). Let m € IN and let f €
C™'([a,b],R) be such that f > 0 and f*) > 0 forall k = 1,...,m+1 in
[a,b]. Let p;, € Rlx]<;m and ¢ € (a,b). Let m; € N be the number of zeros in
(a, c) of the function [ — p,, and my be the number of zeros of p,, in (c, b), both
counted with multiplicity. Then my + my < m + 1.

Karlin’s Theorem is of course much more general. As a consequence of
Karlin’s Theorem [7.1| we get Karlin’s Positivstellensatz for T-systems on [a, b].

Karlin’s Positivstellensatz 7.3 (for T-Systems on [a, b]; see [Kar63, Cor. 1] or e.g.
[KS66, p. 71, Cor. 10.1(a)]). Let n € Ny, let F be a continuous T-system of order
non [a,b]l witha < b, and let f € linF with f > 0 on [a, b]. Then there exists a
unique representation

f=r+f

with fi, f* € lin F such that

(i) fo., f*=0o0na,b],

(ii) the zeros of f. and f* each are sets of index n,

(iii) the zeros of f. and f* strictly interlace,

(iv) f.(b) = f(b) >0, and

(v) f*(b) =0.
Proof. Let f, be the unique f; from Karlin’s Theorem[7.1[i). Then f — f, € lin ¥ is

a polynomial and fulfills (a) — (d), and (e’) of f* in Karlin’s Theorem But since
also f* is unique we have f — f. = f*. O

7.2 The Snake Theorem: An Interlacing Theorem

In Karlin’s Theorem a polynomial f. € lin¥ was found with 0 < f, < f for
some given f € C([a,b],R) with f > 0 on [a, b]. This can be extended to find
a function f, € lin ¥ between some g1, g2 € C([a, b],R) as the following result
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shows. In [KS66, p. 368, Thm. 6.1] M. G. Krein and A. A. Nudel’man called it the
Snake Theorem which is an accurate description of its graphical representation, see

Figure

Snake Theorem 7.4 ([Kar63, Thm. 2] or e.g. [KS66, p. 72, Thm. 10.2] and [KN77|
p. 368, Thm. 6.1]). Let n € Wo, ¥ = {fi}_, be a continuous T-system of order n
on [a,b] witha < b, and let g1, g> € C([a, b], R) be two continuous functions on
[a, b] such that there exists a function g € lin F with

81 <8 <82
on [a, b]. Then the following hold:

(i) There exists a unique polynomial f. € lin F such that

(a) g1(x) < fu(x) < ga2(x) forall x € [a, b], and
(b) there exist n + 1 points x| < -+ < Xu4 in [a, b] such that

gl(-xn+1—i) fori: 153755"~,

felXnp1-i) = {gz(xn+1—i) fori=0,2,4,....

(ii) There exists a unique polynomial f* € lin F such that

(a’) g1(x) < f*(x) < ga2(x) forall x € [a, b], and
(b’) there exist n+ 1 points y| < - -+ < yn41 in [a, b] such that

82(Yns1-i) fori=1,3,5,...,

f*()’n —i)z .
. g1(Yns1-i) fori=0,2,4,....

The functions gi, g2, &, f+, and f* of the Snake Theorem are illustrated in
Figure[7.2] The following proof is taken from [KS66) p. 73].

Proof. Letn = 2m and ¥ be an ET-system. We proceed as in the proof of Karlin’s
Theorem [7.1] For each £ = (&, ...,&,) € E" and Y., & = b — a we construct the
polynomial

Fe@) = Y ai@) - fi(x) = g - det ({f

i=0

X1 ... Xp

which vanishes at each of the points

foralli =0,...,nandletcs € IR be such that ag(£)? +- - - +a,(£)> =1 and fe20
on [x;,x;41] if i is even.
Fori =0,2,4,...,n we define
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Fig. 7.2: The functions g, g» € C([a, b], R) (black, g bottom, g; top), g € lin F
(blue, dashed), £, € lin F (red), and f* € lin ¥ (green) from the Snake Theorem

51(¢) = min {6 > 0[5 - (92— ) > fe on [xi. i1}

where xg = a and x,,41 = b, while fori = 1,3,...,n — 1 we define

6;(¢) :=min {6 > 0| f 2 6- (g —g1) on [x;,xim]} -

As in Karlin’s Theorem [7.1] we define F¢(€) := 6 (&) — min; 6;(£). And as before
assuming >,y _, Fx (&) > 0 for all £ € E" leads to a contradiction. Therefore, there
exists a £* € E" for which 6;(¢*) =6 foralli =0, ...,n. Itis clear that § > 0 and
that the polynomial f, := 67! - fe + g satisfies the conditions of the theorem.

The polynomial f* is constructed employing the same line of arguments.

The extension encompassing the case where 7 is merely a T-system and the proof
of the uniqueness proceed as in the proof of Karlin’s Theorem|7.1 O

7.3 Karlin’s Nichtnegativstellensatz for ET-Systems on [a, b]

While Karlin’s Theorem [7.1| with f > 0 can be proved for T-systems, an equivalent
version allowing zeros in f € C([a,b],R), i.e., f = 0 but not f > 0, needs to
assume that # is an ET-system.

Karlin’s Theorem 7.5 (for f > 0 on [a, b]; [Kar63, Thm. 3] or e.g. [KS66, p. 74,
Thm. 10.3]). Let n € Ny, let F = {fi}! ) be a continuous ET-system of order n on
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[a,b] witha < b, and let f € C"([a, b], R) be such that f > 0 on [a, b] and f has
r < n zeros (counting multiplicities). The following hold:

(i) There exists a unique polynomial f. € lin F such that

(a) f(x) = fu(x) = 0forall x € [a,b],

(b) fi has n zeros counting multiplicities,

(c) ifx) <--- <xn_pin(a,b) are the zeros of f. which remain after removing
the r zeros of f then f — f. vanishes at least twice more (counting multi-

plicities) in each open interval (x;,xi+1), i =1,...,n—r —1, and at least
once more in each of the intervals [a, x1) and (x,—, b],
(d) the zeros x1,...,xn—r 0of (c) are a set of index n — r, and

(e) xp_r < b.

(ii) There exists a unique polynomial f* € lin F which satisfies the conditions (a)
to (d) and

(e’) Xn—r =b.
The proof is taken from [KS66, pp. 74-75].

Proof. Letzy,...,zp bethe distinct zeros of f with multiplicities my, . .., m, where
Zle m; =r < n—1andsetn :=n—r. The proof is now similar to the proof of
Karlin’s Theorem [7.1] where n is replaced by n’. Since the odd and the even cases
are again somewhat the same and for the sake of some slight variety we treat now
the odd case n’ = 2m’ + 1. The construction of f, in part (i) proceeds as follows. For
each & € E™ we construct the polynomial

n

fe(x) =) ai(@) - f;

i=0
= c- - det fO fl .. -fml e fm1+mp_1+l .. ~fr fr+l fr+2 cee fn—2 fn—l fn
£ X121 ...21 ... Zp e Zp X1XL ... X Xy a4
(7.6)
where c¢ € R is chosen such that ar(&)?*+---+a, () =1and
i
Xi=a+ Z Ex
k=0
foralli =1,...,m’ are the zeros of multiplicity two and « is a zero of multiplicity
one. Now we define
. fe
6;(&) :=min{d >0|6 > 7 on [x;, Xit1]
fori =1,...,m" + 1 with x,,y.» = b where the ratio is evaluated by I’Hopital’s rule

at the zeros z1,...,z, of f.
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By examining f7€ first in the neighborhood of each of the points zi,...,z, and
then over the remaining part we find that if £¥) — & then

few . fe
f f

uniformly on [a, b]. Consequently, each of th §; is continuous in ¢ and 6§;(¢) = 0 if
and only &; = 0.

The same arguments used in the proof of Karlin’s Theorem now show that
for some &* € intE™ we have 6;(£*) =6 > Oforalli =1,...,m’ + 1. It is simple
to see that f, = 67! - fe- possesses the properties (a), (b), (d), and (e) in (i). To
show property (c) observe that if x; = z; for some j then fg+ has a zero at z; with
multiplicity exceeding that of f so that ¢ is strictly greater than fg« - f ~!in some
neighborhood of z;. This implies the equality 6 = fg«(x) - f(x)~! for some x in
each of the open intervals (x1,x3), ..., (Xp, Xpr+1) and somewhere in (x,41, b].
Thus, in each (x;, x;41), either f(x) —67!- fe+(x) vanishes somewhere other than at
the zeros of f or the multiplicity of one of the common zeros of f and 6! - Sferis
increased by two. In the interval (x,,41, b] the function f — 6! - f¢ may vanish at
b with multiplicity only one greater than the zero of f at this point. This concludes
that f also fulfills (c) in (i).

The polynomial f* when n’ = 2m’ + 1 is constructed in the same manner by
replacing a in by b.

Uniqueness: Assume another polynomial g satisfies the same properties as f..
Without loss of generality we can assume that the first zero of f — g other than the
zeros of f is less than or equal to first zero of f — f.. Define h := L28 A zero of
h occurring at one of the values x;, i = 2,...,n" + 1 is necessarily at least a double
zero. In this case we assign one zero to each of the intervals [x;_1, x;] and [x;, x;4+1]
with x,,4+» = b. Under this counting procedure, and taking account of the oscillation
properties of f, and g, we deduce that 4 has at least three zeros in [a, x;], at least
two zeros in each of the intervals [x;,x;41], i = 2,...,m’, and at least one zero in
[xXm+1, b]. Clearly, all of these zeros are other than the r zeros of f, so that f, — g
has atleast 3+2(m’ —1) + 1 +r = n+ 1 zeros (counting multiplicities). Hence, = 0
and f,. = g. |

If f € linF in Karlin’s Theorem we get similar to Karlin’s Positivstellen-
satz[7.3]the following Nichtnegativstellensatz on [a, b] due to Karlin.

Karlin’s Nichtnegativstellensatz 7.6 (for ET-Systems on [a, b]; [Kar63, p. 603,
Cor. after Thm. 3] or e.g. [KS66) p. 76, Cor. 10.3]). Letn € Ny, F = {fi}I, be an
ET-system of order n on [a, b] with a < b, and let f € lin F be such that f > 0 on
la,b] and f hasr < nzerosa < z1 < zp < -+ < z, < b (counting multiplicities).
Then there exists a unique representation

f=f+f
with f., f* € lin F such that
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(i) fo. f*=0o0n[a,b],

(ii) for f. and f* the sets of zeros counting algebraic multiplicities is after removing
the zeros of f with algebraic multiplicity a set of index n — r which strictly
interlace, and

(iii) the set of zeros of f* contains after removing the zeros of f with algebraic
multiplicities the point b.

Proof. Let f. be the polynomial from Karlin’s Theorem and set g := f — f.
Then g fulfills the conditions of f* in Karlin’s Theorem [7.5] and by its uniqueness
we have g = f* which proves the statement. |

Remark 7.7. Since Karlin’s Nichtnegativstellensatz (i) might be a little bit
confusing we explain it more detailed.

Let ¥ be an ET-system of order n € INg on [a, b] witha < b and let f € lin F be
such that f > 0 on [a, b] and f has the zeros zy, . . ., z; with algebraic multiplicities
mi,....mpmy+---+my=r <n.

(i) If n —r = 2m is even then the zeros of f,. from Karlin’s Nichtnegativstellen-
satz[/.6|are xi, . . ., X, all with algebraic multiplicity 2 and the zeros of f* are
Y05 Y1, - - -»¥Ym Where yg and y,, have algebraic multiplicity 1 and otherwise
the y; have algebraic multiplicity 2. They interlace, i.e., we have

a=yg<x; <y <---<Xp <yYn=Dhb.
The f. and f* are then given by

fi oo fomet fom fomet - fn)

X1X1 ... Xm Xm 71 ..o 1

fi(x) = ¢, - det ({?

and

Jo

X

ffx)y=c"- det(

LB w2 fomt Pom Pmet - fn)

ayiyt .- Ym1 Ym1 bz ...z

where ¢, c* € R\ {0} and the signs are such that f,, f* > 0 on [a, b]. The
Zeros 7y, . . . , 77 are included with their corresponding algebraic multiplicities
my,...,my i.e., 71 is included m-times, . .., z; is included m;-times.

(ii) If n —r = 2m + 1 is odd then the zeros of f. from Karlin’s Nichtnegativstellen-
satz[7.6lare x, . . ., x,, where xo has algebraic multiplicity 1 and the other alge-
braic multiplicity 2. For f* we have the zeros y, ..., y, where yg, ..., ym—1
have algebraic multiplicity 2 and y,, has algebraic multiplicity 1. They interlace,
i.e., we have

Xo=a<yyg<-<Xm<yYm=Db.

The f. and f* are then given by
Jolfi o 3 oo Jom fomst omsz oo fu

xX|la xixy ... Xm Xm 21 ... 2

fi(x) =cs - det(
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and

fo

X

Ao Pm-t fom fomel om0 [n

YOY0 .- Ym—1 Ym-1 b LIRS 4|

ffx)=c" 'det(

where c,,c* € R\ {0} and the signs are such that f, f* > 0 on [a, b]. The
Zeros 21, . . ., z; are included with their corresponding algebraic multiplicities
mi,...,myi.e., z1 is included mq-times, . . ., z; is included m;-times. o

With the proof of Karlin’s Theorem[7.5|one can prove a similar interlacing theorem

as the Snake Theoremwhen g> — g1 has a certain number of zeros, see [KS66,
p- 76, Rem. 10.1].

We stated here Karlin’s Positivstellensatz and Karlin’s Nichtnegativstellen-

satz[7.6]for functions on [a, b]. There are also similar statements for periodic func-
tions, see [Kar63, Thm. 6 and 7]. The cases on [0, o0) and R are given in the next
chapter.

Problems

7.1 Examine the proof of Karlin’s Theorem[7.5]more closely. In the statement of the
theorem it is required that ¥ is an ET-system on [a, b]. But for a given f > 0 where
does the family # actually only needs to be an ET-system?



Chapter 8

Karlin’s Positivstellensitze and
Nichtnegativstellenséitze on [0, c0) and R

Look at the conclusion! And try to think of a familiar
theorem having the same or a similar conclusion.

George Polya [Pol45] p. 25]

In this chapter we extend the results of the previous chapter, i.e., we extend Karlin’s
Positivstellensatz on [a,b] to [0, o) in Karlin’s Positivstellensatz and to
R in Karlin’s Positivstellensatz as well as we extend Karlin’s Nichtnegativstel-
lensatz on [a,b] to [0, c0) in Karlin’s Nichtnegativstellensatz and to R in
Karlin’s Nichtnegativstellensatz[8.5]

8.1 Karlin’s Positivstellensatz for T-Systems on [0, co)

By a transformation of [a, b] to [0, oo] and then restriction to [0, o) we get from
Karlin’s Positivstellensatz [7.3|the following.

Karlin’s Positivstellensatz 8.1 (for T-Systems on [0, o0); see [Kar63, Thm. 9] ore.g.
[KS66, p. 169, Thm. 8.1]). Let n € Ng and F = {f;}", be a continuous T-system
of order n on [0, ) such that

n
i=0

(a) there exists a C > 0 such that f,,(x) > 0 forall x > C,

(b) lim M=0f0ralli=0,...,n—1,and
X

= fn(x)

(c) { fi};’:‘ol is a continuous T-system on [0, co).
Then for any f = 3.7y aif; € lin ¥ with f > 0 on [0, 00) and a, > 0 there exists a
unique representation
f=r+r
with f., f* € linF and f, f* = 0 on [0, o) such that the following hold:
(i) If n = 2m the polynomials f. and f* each possess m distinct zeros {x;}!" | and
{yi l’-ﬁa' satisfying

O=yo<x1 <Y1 <+ <Ypo1 <Xy < 0.

All zeros except y( are double zeros.
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(ii) If n = 2m + 1 the polynomials f, and f* each possess the zeros {x;}!"|" and
{yi}, satisfying
O0=x1 <y1 <Xx2 < <Ym < Xpp1 < 0.
All zeros except x| are double zeros.
(iii) The coefficient of f,, in f. is equal to a,,.
The proof is adapted from [KS66, pp. 168].

Proof. By (a) there exists a function w € C([0, o), R) such that w > 0 on [0, o)
and lim,_, I By (b) we define

w(x) —

filx)
vi(x) = { @) if x € [0, ),
O0in ifx=o00

foralli =0,1,...,n. Thenby (c) and Corollarywe have that {v; :?:0 is a T-system
on [0, co]. With #(x) := tan(nx/2) we define g;(x) :=v; ot foralli =0,1,...,n.
Hence, G = {g;}!" , is a T-system on [0, 1] by Corollary We now apply Karlin’s
Positivstellensatz(7.3[to G. Set g := (L) o 1.

(i): Let n = 2m. Then by Karlin’s Positivstellensatz [7.3]there exist points

O=yp<x1<y1 <+ <Xy <ym=1

and unique functions g, and g* such that g = g.+g%, g+,¢* = 0on [0, 1], x1, ..., X
are the zeros of g,, and o, . . ., v, are the zeros of g*. Then f, := (g, o¢™') - w and
f*:=(g* ot™!) - w are the unique components in the decomposition f = f, + f*.

(ii): Similar to (i).

(iii): From (i) (and (ii) in a similar way) we have g;(1) =0fori =0,...,n—1and
gn(1) = 1. Hence, we get with g*(y,,, = 1) = 0 that g,, is not contained in g*, i.e., g
has the only g, contribution because G is linearly independent. This is inherited by
f« and f* which proves (iii). |

The transformation g; = v; o t with ¢ the tan-function is due to Krein [Kre51].

If ¥ in Karlin’s Positivstellensatz is an ET-system then the f, and f* can be
written down explicitly. For that we only need ¥ to be an ET-system on (0, co) not
on all [0, o) since at x = 0 a possible zero in f, or f* only has multiplicity one.

Corollary 8.2. Ifin Karlin’s Positivstellensatz[8.1|we have additionally that F is an
ET-system on (0, o0) then the unique f. and f* are given

(i) forn =2m by

£ = - det[Jo 1 P fomet fom

x (xrx1) .o (om Xm)

and
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fofi o .. fom— f2m—l)

(x) = —cs -det(}C yo 1 y1) -+ Ym=1 Ym-1)

(ii) and forn =2m + 1 by

.. foft 2 f3 oo fom famn
folx) = . det(x %1 (%2%2) o (o xm+1>)

and

RN fo fi 2o Pom-1 fom
fr=c det(x 1y oo Om ym))

for some c.,c* > 0.

Proof. Combine Karlin’s Positivstellensatz[8.T| with Remark[4.28|and note that since
0 is never a multiple zero we only need # to be an ET-system on (0, o). O

8.2 Karlin’s Nichtnegativstellensatz for ET-Systems on [0, co0)

In Karlin’s Positivstellensatz we needed to transform the domain [a, b] into
[0, co] of a T-system. For Karlin’s Nichtnegativstellensatz we needed an ET-
system because of the additional zeros from f > 0.

With the same technique as in the proof of Karlin’s Positivstellensatz [8.1] and
Lemma/|5.8| we get from Karlin’s Nichtnegativstellensatz|7.6|the following.

Karlin’s Nichtnegativstellensatz 8.3 (for ET-Systems on [0, c)). Let n € Ng and
F = {fi}\L, be an ET-system of order n on [0, ) such that
(a) there exists a C > 0 such that f,,(x) > 0 forall x > 0,
(b) lim fi(x) =0foralli=0,...,n-1, and
X—00 fn _x)
(c) {fi ::01 is an ET-system.
Then for any f = Y.;_a;fi € linF such that f > 0 on [0, ), a, > 0, and f has
r < n zeros counting multiplicity there exists a unique representation

f=r+f
with f., f* € linF such that the following hold:

(i) fe [*200n[0, ),

(ii) f. has n zeros (counting multiplicities),

(iii) f* has n — 1 zeros (counting multiplicities),

(iv) the zeros of f. and f* strictly interlace if the zeros of f are removed, and
(v) the coefficient of f, in f. is equal to a,.

Proof. The conditions (a) — (c) are such that # on [0, o], i.e., including oo, is an
ET-system.
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With the same argument as in the proof of Karlin’s Positivstellensatz we
transform 7 on [0, o] into G on [0, 1] with the tan-function. Here Lemma
ensures that also G is an ET-system.

Application of Karlin’s Nichtnegativstellensatz on [0, 1] gives the desired
decomposition g = g. + g* with the observation that x = 1 is a zero of at most
multiplicity one by (a) and (b). Backwards transformation into ¥ on [0, o] resp.
[0, co) then gives the assertion. |

8.3 Karlin’s Positivstellensatz for T-Systems on R

We have seen that from Karlin’s Positivstellensatz on [a,b] we get Karlin’s
Positivstellensatz on [0, c0) with the transformation ¢(x) = tan(mx/2) from
[0, 1] to [0, co] and only need to pay attention to the end point x = 1 resp. x = oo.
The same transformation however also applies going from [—1, 1] to [—co, co] now
paying attention to both end points.

Karlin’s Positivstellensatz 8.4 (for T-Systems on R; see [Kar63, Thm. 10] or e.g.
[KS66, p. 198, Thm. 8.1]). Let m € Ny and F = {ﬁ}?:”(’) be a continuous T-system
of order 2m on R such that

(a) there exists a C > 0 such that fr,,(x) > 0 forall x € (—o0,—C] U [C, ),

) tim 2 0 foraii=o0.. . 2m—1, and
x| fam (x)
(c) {fi Z'(’)‘l is a continuous T-system of order 2m — 1 on R.

Let f = Z%Zé a;f; be such that f > 0 on R and az,, > 0. Then there exists a unique
representation

f=r+f
with f., f* € linF and f., f* > 0 on R such that

(i) the coefficient of fon, in f. is arm, and
(ii) f.and f* are non-negative polynomials having zeros {x;}1*, and {y; l”z’Il with

—00 <X <Y <X < <Y1 <Xy <00,

Proof. See Problem O

8.4 Karlin’s Nichtnegativstellensatz for ET-Systems on R

On R we have the following Nichtnegativstellensatz for ET-systems.

Karlin’s Nichtnegativstellensatz 8.5 (for ET-Systems on R). Ler m € Ny and
F = {ﬁ}?:”(’) be an ET-system of order 2m on R such that
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(a) there exists a C > 0 such that fa,, > 0 for all x € (—oo,—C] U [C, c0),
Jfi(x) .

(b) li =0foralli=0,...,2m -1,

x|—oo fam (x) i’

(c) {fi ;’:‘01 is an ET-system of order n — 1 on R.

Let f = Z%:”é a;fi € inF be such that f > 0, ay,, > 0, and f has r < n zeros
counting multiplicities. Then there exists a unique representation

f=f+f
with f., f* € lin F such that the following hold:

(i) fi.f*>200nR,

(ii) f. has 2m zeros counting multiplicity,

(iii) f* has 2m — 2 zeros counting multiplicity,

(iv) the zeros of f. and ™ strictly interlace if the zeros of f are removed, and
(v) the coefficient of f, in f. is equal to ay.

Proof. See Problem[8.2] |

Problems

8.1 Prove Karlin’s Positivstellensatz[8.4] i.e., adapt the proof of Karlin’s Positivstel-
lensatz such that both interval ends a and b of [a, b] are mapped to —co and +co,
respectively.

8.2 Prove Karlin’s Nichtnegativstellensatz[8.5] i.e., adapt the proof of Karlin’s Nicht-
negativstellensatz such that both interval ends a and b of [a, b] are mapped to
—oo and +oo, respectively.
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Chapter 9
Non-Negative Algebraic Polynomials on [a, b]

I hold that it is only when we can prove everything we assert
that we understand perfectly the thing under consideration.

Gottfried Wilhelm Leibniz [Lei89]

We developed in the previous chapters the Positiv- and Nichtnegativestellensitze for
general T- and ET-systems due to Karlin. We will now apply these to the algebraic
polynomials, i.e., we will plug in Example[5.15|and Example[5.17}

9.1 Sparse Algebraic Positivstellensatz on [a, b]
At first let us have a look how all sparse strictly positive polynomials on some interval
[a, b] C (0, o) look like.

Theorem 9.1 (Sparse Algebraic Positivstellensatz on [a, b] with 0 < a < b). Let
n € Ny, ag,...,a, € R be real numbers with ay < a1 < -+ < ay, and let
F = {x¥}L,. Thenforany f = ¥i_ya;x® € linF with f > O on [a,b] and a, > 0
there exists a unique decomposition

f=r+f
with fi, f* € lin F such that

(i) for n = 2m there exist points X1, ...,Xm, Y1, - - -»Ym—1 € la, b] with
a<x;<y;<---<xuy<b

and constants c.,c* > 0 with

xa() xal va . xalm—l xan
f*(x)—c*-det(x Grx1) oe. (o Xm))ZO 9.1
and
X0 X x® x® | x@m=2 x@m-1 x®m
frx) == e(x a (yi1y1) - Om-1 Ym-1) b ) ©-2)
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forall x € [a,b], or
(ii) for n = 2m + 1 there exist points X1, ..., Xm, V1, ---,Ym € |a, b] with

A<y <x1 < <Yyp<xum<b

and c.., c* > 0 with

x(t() xal xaz )Ca3 _XGZm x(72m+l
£ ——c*-det( S e ) 50 (93)
and
XU x¥ y@2  x@m-1 x@m  @2m+]
fro=c (x(y1y1>... Om ym) b ) O

forall x € [a,b].

Proof. By Example[5.17| we have that ¥ on [a, b] is an ET-system. Hence, Karlin’s
Positivstellensatz[7.3|applies. We check both cases n = 2m and n = 2m+1 separately.

n = 2m: By Karlin’s Positivstellensatz we have that the zero set Z(f*) of f*
has index 2m and contains b with index 1, i.e., a € Z(f*) and all other zeros have
index 2. Hence, Z(f*) = {a =yo < y1 < -+ < Ym-1 < Ym = b}. By Karlin’s
Positivstellensatz we have that Z(f.) also has index 2m and the zeros of f
and f* interlace. Then the determinantal representations of f, and f* follow from
Remark [4.28]

n = 2m+1: ByKarlin’s Positivstellensatzwe have thatb € Z(f*) and since the
index of Z(f*) is 2m+1 we have that there are only double zeros yy, ..., v, € (a, b)
in Z(f*). Similar we find that a € Z(f.) since its index is odd and only double
Zeros Xxi, ..., xXm € (a,b) in Z(f.) remain. By Karlin’s Positivstellensatz (iii)
the zeros x; and y; strictly interlace and the determinantal representation of f, and
f* follow again from Remark [4.28] |

Note, if ag, ..., @, € Ny then by Example [5.17] equation (5.14) the algebraic
polynomials f, and f* in (9.1)) — (9.4) can be written down with Schur polynomials.

Remark 9.2. The condition a, > 0 in Theorem [9.1]is no restriction. The result also
holds for a,, < 0 aslongas f > 0on [a, b]. Since [a, b] is compact the polynomials
x% are bounded. In the definition of a T-system the order of the functions f; can be
altered since only any linear combination has to have at most n zeros. Hence, in a
f > 0 atleast one coefficient a; is larger then zero and we interchange f; with f,,. A
possible sign change in the f; and f* in (9-I) — (9-4) might appear. o

Theoremlﬂdoes notholdfora =0andag > Oorayg,...,ar <0.Incaseag > 0
the determinantal representations of f* for n = 2m and f for n = 2m+ 1 are the zero
polynomials. In fact, in this case ¥ is not even a T-system since in Lemma [4.3] the
determinant contains a zero column if xo = 0. We need to have ag = 0 (x?° = 1) to
let a = 0. For ay, . . ., ax < 0 we have singularities at x = 0 and hence no T-system.

Corollary 9.3. If a9 = 0 in Theorem|[9.1| then Theorem[9.1] also holds with a = 0.
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Proof. The determinantal representations of f, for n = 2m + 1 and f* for n =
2m in Theorem [9.1] continuously depend on a. It is sufficient to show that these
representations are non-trivial (not the zero polynomial) for a = 0. We show this for
S« in case (ii) n = 2m + 1. The other cases are equivalent.

We have that ¥ is a T-system on [0, b] with b > 0. For € > 0 small enough we
set

_ l _xa'] xa’2 xﬂ/ﬁ . xﬂ/Qm _xa’2m+l
ge(x) =—™™ - det

x 0 xy x1+&... X Xpmt+e
1 xM x® e X @me
1 0 0 ... 0

_ ) [e%) @2m+1

:—g’"-detl x| x| x|

1 (e +8)Y (X +6)%2 ... (X +&)P2m+l

develop with respect to the second row

xm xQZ . xa’Zm—l
a [e%) @2m-1
X X e X
- 1 1 1
=g ™. det . .
(X + )Y (X +8)% ... (X + &) ¥2msl
_ xal xﬂ/Z x(lfé . _XQZm xa‘2m+]
=g ™. det .
X X X1+E... Xm Xm+E
Then x1,x1 +&,...,Xm,xm + € € (0,b], ie., {x""}l’.’=1 is an ET-system on [a’, b]
with 0 = a < a’ < x1, see Example By Remark the limit € \ 0 is not the
zero polynomial which ends the proof. O

Remark 9.4. Tt is clear that if @9 > 0 then we can just factor out x*°

Fx)=apx® +ax® +-- - +apx®™ =x% - (ag+ax® "0+ 4 @ux W)

=f(x)

and apply Theorem or Corollary to f. o

We now prove a stronger version of (3.3). We only need the sparse algebraic
Positivstellensatz on [a, b] (Theorem but not the sparse algebraic Nichtnega-
tivestellensatz (Theorem even for p > 0 on [a, b]. This result was already
proved in [[KS53]. Later the T-system approach was developed in [Kar63|] and sum-
marized and expanded in [KS66].

We now get the strengthened version of the Lukdcs—Markov Theorem [3.7] Earlier
versions are due to Markov [Mar06] and Lukacs [Luk18], see the Lukdacs—Markov
Theorem 3. 7]in Section[3.1land the discussion around it.
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Lukacs—-Markov Theorem 9.5 (see [KS53), Thm. 10.3] or [KN77, p. 373, Thm. 6.4]).

Letp e R[x]withp > 0on [a,b] with—c0 <a <b < coandletzy,...,z € |a,b]
be the zeros of p in [a, b] with algebraic multiplicities my, . ..,m, € IN.
(i) Ifdegp—my—---—m, =2m, m € Ny, is even then there exist points X1, . . ., Xp,
and yi,...,Ym-1 with

a<x <y <+ <Ym-l <X <b
and constants a, 3 > 0 such that

m

P =x-z)™ - (x=z)"™ - fa- | [ —x)?

i=1

m—1
B-(x—a)-(b-x)-[ -y
i=1
(ii) If degp —my —--- —m, = 2m + 1, m € Ny, is odd then there exist points
X1yeeosXmand yo, ..., Ym—1 with

a<yo<X1 <Y1 <+ <Ym-1 <Xy <b

and constants «, 3 > 0 such that
m
PO =(x—z)™ (k=2 |- (v —a) - | [ -x)?
i=1

m-—1
B-(b-x) - [ [c-y?|.
i=0

Proof. We have p(x) = (x —z;)™ ---(x —z,)™ - p(x) with p € R[x] and p > 0
on [a, b]. By a translation p( - + a) we can assume a = 0 and the assertion follows
from Corollary[0.3] ]

Note, in Theorem [9.1] (and Theorem [9.10) we need a > 0. But in the Lukdcs—
Markov Theoremwe can allow for arbitrary a € IR since by p € R[x]<qeg p the
translation p(- + a) remains in R[x] <deq p. We see here also why in Theorem 9.1
and Corollary we have the restriction @ > 0 since a translation can produce
monomials which are not in the family {x® }? .

Additionally, note that in Lukacs—Markov Theorem@]we can have z; =aor b
for some i.
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9.2 Sparse Hausdorff Moment Problem

Theorem is a complete description of int (lin ¥),. Since ¥ is continuous on
the compact interval [a,b] and x? > 0 on [a,b], we have that the truncated
moment cone is closed. Hence, (lin ), and the moment cone are dual to each other.
With Theorem [9.1] we can now write down the conditions for the sparse truncated
Hausdorff moment problem on [a, b] with a > 0. A first but insufficient attempt was
done in [Hau21b] since Hausdorff did not have access to the sparse Positivstellensatz
by Karlin and therefore Theorem 9.1

Theorem 9.6 (Sparse Truncated Hausdorff Moment Problem on [a, b] with a > 0).
Letn € Ny, ag,...,a, € [0,00) withay < -+ < ap, and a,b with 0 < a < b. Set
F = {x}" . Then the following are equivalent:

(i) L:linF — R is a truncated [a, b]-moment functional.
(ii) L(p) = 0 holds for all

x(lO x(ll x(ll L xa’2m—l xa’Zm
Clr @ @ )
X X1 X1) ... X X .
p(x) = e if n="2m
xao xal XQZ x“’} . x“Zm—Z x(IZm—l x(ZZm
—det
x a (x1x1)... Xm-1 Xm-1) b
and
X0 x@ x @ @3 @ Qs
moe (1 x1) e G )
X a X1 X1) ... (X X .
p(x) = e ifn=2m+1
xllo x(ll x“Z L xa’Zm—l xa’Zm xa’2m+l
det
x (xyx1) ... (xm xm) b
andall xy, ..., xpuwitha <x; <-++ <Xy <b.

Proof. The implication (i) = (ii) is clear since all given polynomials p are non-
negative on [a, b]. It is therefore sufficient to prove (ii) = (i).

Since a > 0 we have that x? > 0 on [a, b] and since [a, b] is compact we have
that the moment cone ((lin ¥),)* as the dual of the cone of non-negative (sparse)
polynomials (lin ), is a closed pointed cone.

To establish L € ((lin ¥),)* it is sufficient to have L(f) > 0 for all f € (lin ).
Let f € (lin¥),. Then for all € > 0 we have f. :== f+¢&-x% > 0 on [a,b],
i.e., by Theorem fe is a conic combination of the polynomials p in (ii) and
hence L(f) +& - L(x®) = L(f,) > 0 for all & > 0. Since x** > 0 on [a, b] we
also have that x®» is a conic combination of the polynomials p in (ii) and therefore
L(x%) > 0. Then L(f) > 0 follows from &€ — 0 which proves (i). O

Corollary 9.7. If g = 0 in Theorem[9.6|then Theorem [9.6] also holds with a = 0,
i.e., the following are equivalent:
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(i) L:linF — R is a truncated [0, b]-moment functional.
(ii) L(p) = 0 holds for all

lxal xQ/Z . x‘12m—1 xa/2m
det

x (1 x1) oo (Xm Xm)

p(X) = x(ll x(YZ X(Y3 . _x(YmeZ x(Ymel x(XZm ifn=2m
det
x (xp x1) ... (Xm-1 Xm-1) b
and
xa’l XQZ xa3 . xQZm x02m+l
e (P S S
x (erx) ... (o x
p(x) = o " iftn=2m+1
l_xal xQ’Z L. _xa’mel _x‘1’2m x02m+l
det
x (x1x1) ... (xm xm) Db
andall x,...,xpy witha <x; <--- < Xx;, < b.
Proof. Follows immediately from Corollary 0

For the following we want to remind the reader of the Miintz—Szasz Theorem
[Miin14, [Szal6]). It states that for real exponents g = 0 < @1 < @ < ... the
vector space lin {x“ };cy, of finite linear combinations is dense in C([0, 1], R) with
respect to the sup-norm if and only if ;g all = co.

We state the following only for the classical case of the interval [0, 1]. Other
cases [a,b] C [0,0) are equivalent. Hausdorff required @; — oo. The Miintz—
Széasz Theorem does not require @; — oco. The conditions ¢y = 0 and };cy a% =00
already appear in [Hau21b| eq. (17)]. We can remove here the use of the Miintz—Sz4sz
Theorem and therefore the condition ;. y a% = oo for the existence of a representing
measure. We need it only for uniqueness. Additionally, we allow negative exponents.
The following is an improvement of [Hau21bl] and we are not aware of a reference
for this result.

Theorem 9.8 (General Sparse Hausdorff Moment Problem on [a, ] with0 < a < b).
Let I C INg be an index set (finite or infinite), let {a;};icq be such that o; # «; for all
i+ jand

(a) ifa=0then {a;}ic; C [0,00) witha; =0 forani € I, or

(b) ifa > 0 then {a;}ie; C R.

Let F = {x%};c1. Then the following are equivalent:

(i) L:linF — R is a Hausdor{f moment functional.
(ii) L(p) = 0 holds for all p € (lin F),.
(iii) L(p) = 0 holds for all p € lin F with p > 0.
(iv) L(p) = 0 holds for all
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x%o x% x| xTom-1 x@2m
det , if |I| = 2m or oo,
x o (xrox) o (m Xm)
x%1 x% x%3 . x%mo x%om-1 x%om )
det , If|I| =2m or o,
() = x (x1 x1) ... (Xm-1 Xm-1) b
p x% x% x%; . x%om x%oms )
det , if |I| =2m+ 1 or oo,
x (xeroxn) o (o Xm)
x%o x®in x%2 . x¥om-1 x%m x Vome
det , Iif|I| =2m+1 or oo,
x (xp x) oo (on Xm) b
forall m € W if|I| = oo, all 0 < x; < xp < -+ < X, < b, and all

aj, <@ <---<a, witha;,=0ifa=0.
If additionally ;. .0 I(ITI = oo then L is determinate.

Proof. The case |I| < oo is Theorem[9.6] We therefore prove the case |I| = co. The
choice a;, < a;, < -+ < a;,, with a;, = 0if @ = 0 makes {x" };.":0 a T-system. The
implications “(i) = (ii) < (iii)” are clear and “(iii) & (iv)” is Theorem It is
therefore sufficient to show “(ii) = (i)”. But the space lin ¥ is an adapted space and
the assertion follows therefore from the Basic Representation Theorem 2.9

For the determinacy of L split {«;};c; into positive and negative exponents. If
a0 |(l—'| = oo then the corresponding sum over at least one group is infinite. If
the sum over the positive exponents is infinite apply the Miintz—Szasz Theorem. If
the sum over the negative exponents is infinite apply the Miintz—Szdsz Theorem to
{(x™1)7 %} et 0;<0 since a > 0. O

Note, since [a, b] is compact the fact that {x® };<; is an adapted space is trivial.

Remark 9.9. If in Theorem[9.8]we have a = 0 and @y > 0 then we can of course factor
out x® and instead of determining du(x) of the linear functional L we determine
di(x) =x* du(x). o

9.3 Sparse Algebraic Nichtnegativstellensatz on [a, b]

The non-negative polynomials are described in the following result.

Theorem 9.10 (Sparse Algebraic Nichtnegativstellensatz on [a, b] with 0 < a < b).
Let n € Ny, ag,...,a, € R be real numbers with ay < a1 < -+ < ap, and
let ¥ = {x}",. Let f € lin¥ with f > 0 on [a,b]. Then there exist points
XlseeesXn, V1s---,Yn € [a, b] (not necessarily distinct) with y, = b which include
the zeros of f with multiplicities such that

f=rf

with f., f* € linF, f., f* > 0on [a, b]. The polynomials f. and f* are given by
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Jo Jiooo Ja
yi--

X - Yn

fi(x) = c. ~det(

){1 fn) and f*(x)zc*-det({co

. Xn

for all x € [a, b] and some constants c.,c* € R

Removing the zeros of f from xi,...,Xn,Y1,...,Yn We can assume that the
remaining x; and y; are disjoint and when grouped by size the groups strictly
interlace:

aS Xy ==Xy <Yj ==Y <o <Xj, ==X, <yjo=- =y =b.

Each such group in (a, b) has an even number of members.

Proof. By Example we have that  on [a, b] is an ET-system. We then apply
Karlin’s Nichtnegativstellensatz [7.6] similar to the proof of Theorem 0.1} i

Remark 9.11. The signs of ¢, and ¢* are determined by x; and y; and their multi-
plicity. If x; = - -+ = x; < xg41 < --- < x,, then sgnc, = (—1)¥. The same holds for
c* from y;. )

Example 9.12. Let @ € (0,00) and let ¥ = {1,x%} on [0, 1]. Then we have
I=1,+1"withl,=x%and 1* = 1 — x?. °

In Theorem[9.10] we can let a = 0 if &) = 0 and f(0) > 0.
Theorem 9.13 (Sparse Algebraic Nichtnegativstellensatz on [0, b] with 0 < b). Let

n € Ny, ag,...,a, € R be real numbers with 0 = ay < a; < --- < @y, and let
F = {x%},on[0,b] withb > 0. Let f € lin F with f > 00n [0, b] and f(0) > 0.
Then there exist points X1, ...,Xn, V1, - -.,Yn € [0, b] (not necessarily distinct) with
Yn = b which include the zeros of f with multiplicities such that
f=r+f

with f., f* € linF, fi,f* > 0 on [0,b] and the points xi,...,x, are the ze-
ros of f. and yi,...,y, are the zeros of f*. Removing the zeros of f from
X1y.-esXn, V1, - - -, Yn We can assume that the remaining x; and y; are disjoint and

when grouped by size the groups strictly interlace:
OSxil :...:xik <y]1 :...:yjl <...<xip:...:xl-q <yjr:...:yjs :b‘

Each such group in (a, b) has an even number of members.

Proof. See Problem[0.1] |

Problems

9.1 Prove Theorem [0.13] i.e., show that Theorem 9.10] can be extended to the case
a =0,1ie.,on [0,b] with b > 0.



Chapter 10
Non-Negative Algebraic Polynomials on [0, )
and on R

Mathematics is the tool specially suited for dealing with
abstract concepts of any kind and there is no limit to its
power in this field.

Paul Adrien Maurice Dirac [DirS8| p. viii]

We went a long way to arrive here. But by using Karlin’s Positivstellensatz[8.1] and
Karlin’s Nichtnegativstellensatz [8.3| on the interval [0, c0) we can now describe all
sparse algebraic strictly positive and non-negative polynomials on [0, co) and on R.

10.1 Sparse Algebraic Positivstellensatz on [0, co0)

For the sparse algebraic Positivstellensatz on [a, ] (Theorem [9.1)) we had a lot of
freedom in the exponents @; for a > 0. We no longer have such a large range of
freedom on [0, o). If we now plug Example[.16]into Karlin’s Positivstellensatz(8.1]
we get the following.

Theorem 10.1 (Sparse Algebraic Positivstellensatz on [0,0)). Let n € INp,
ag,...,a, € [0,00) be real numbers with ay = 0 < a1 < -+ < ap, and let
F = {x%}, on [0,00). Then for any f = ¥i_ya; f; € linF with f > 0 on [0, o)
and a, > 0 there exists a unique decomposition

f=r+f
with f., f* € linF and f, f* > 0 on [0, o) such that the following hold:

(i) If n = 2m then the polynomials f. and f* each possess m distinct zeros {x;}!" |
and {y; l’.’ial satisfying

O0=y0<x1 <y1 <+ <Y1 < Xpp < 00,

The polynomials f. and f* are given by

I x@ x®@ . x®m-1 x@m

x (x xl) (xm Xm)

fi(x) = ¢, - det

and
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XY x®@2 @y @m-2 y@m-1

f*(‘x):c*.det X (yl yl) (ym—l ym—l)

for some c.,c* > 0.
(ii) If n =2m+1 then f, and f* have zeros {x; l”f;] and {y;}", respectively which
satisfy

O=x1 <y1 <x2 <+ <ym < X1 < 0.

The polynomials f. and f* are given by
) r Q3 @2m @2m+1
f*(x)zc*-det(x X2 x® . x X )

x (X2 x2) ..o (Xl Xma1)

and
a) a2 @m-1 ¥2m
X X oo X X

£ = ¢ - det (x R

for some c,c* > 0.

Proof. We have that F fulfills conditions (a) and (b) of Karlin’s Positivstellen-
satz [8.1| and by Example |4.15( we known that ¥ on [0, o) is also a T-system, i.e.,
(¢) in Karlin’s Positivstellensatz [8.1] is fulfilled. We can therefore apply Karlin’s
Positivstellensatz [§. 1]

(i) n = 2m: By Karlin’s Positivstellensatz (i) the unique f, and f* each
possess m distinct zeros {x;}, and {yi}ﬁal with 0 < yg < x1 < -+ < Yoy <
Xm < oo. Since xp,...,x;,; € (0,00) and ¥ on [x/2,0) is an ET-system we
immediately get the determinantal representation of f, by Corollary [8.2] (combine
Karlin’s Positivstellensatz with Remark [.28). For f* we have yo = 0 and by
Example this is no ET-system. Hence, we prove the representation of f* by
hand, similar as in the proof of Corollary[9.3]

Lete >0besuchthat0 = yg < y; < y1+& <+ < Ym-1 < Ym-1 + & holds.
Then

1 xal x(12 xa3 .. xa2m72 x(12m71
x) = —e "™ det
g2 (%) x 0 yr yi+&... Ym-1 Ym-1+€
1 xU x® - x®2m-1
1 0 0 - 0
— _g—m+l . det 1 yf‘ y;n . y;l2m—l
I (Y1 +8)Y (Y1482 ... (Y1 + &) ¥m-1

expand by the second row
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xa/] xa/2 . xa/Zm—l
) [e%) a2m-1
—msl N N n
=¢ - det . .
Om-1+8)Y (Ym-1+8&)7 ... (Y1 +8)¥m!
_ xm x(Yz . xﬂfzm—z xafzm—l
=& ™! det
X Yy yi+e ... Ym-1 Ym-1t&

is non-negative on [0, y;] and every [y; + &, y;+1]. Now yg = 0 is removed and all
vi, ¥i + & > 0. Hence, we can work on [y;/2, o) where {x“"}%;”l is an ET-system
and we can go to the limit & “\, 0 as in Remark [4.28] Then Corollary [8.2] proves the
representation of f*.

(i) n = 2m + 1: Similar to the case (i) with n = 2m. a

If all @; € INj then we can express the f, and f* in Theorem also with Schur

polynomials, see (5.14) in Example[5.17]

We now prove a stronger version of , ie,p=f2+x-g>forany p > 0
on [0, c0). It is sufficient to have only the sparse algebraic Positivstellensatz (Theo-
rem[I0.1). A previous version already appeared in [KS53].

Corollary 10.2 (see [KS66, p. 169, Cor. 8.1]). Let p € R[x] with p = 0 on [0, ).
Let 71, ...,z € [0,00) be the zeros of p in [0, 00) and let my,...,m, € IN be the
corresponding algebraic multiplicities.

(i) Ifdegp —my —---—m, =2m, m € Ny, is even then there exist points {x;}!" |
and {yi}l’.'gl C (0, co) with

O0<x1<y1 <+ <Ymo1 <Xy <00

and constants a, b > 0 such that
r m m—1
p)=[ -z fa-[Je=x?+b-x- [ -y0?].
i=1 i=1 i=1

The constant a is the leading coefficient of p.
(ii) Ifdegp—mi—---—m, =2m+1, m € Ny, is odd then there exist points {x;}" |
and {y;}!" | C (0, c0) with

O<x <y1 <+ <Xp <Yym <o

and constants a, b > 0 such that

m m

p =] Jee-zm - [a-] Jew-x?+bx- Joc- 302
i=1

i=1 i=1

The constant b is the leading coefficient of p.



112 10 Non-Negative Algebraic Polynomials on [0, c0) and on R

Proof. Since 7y, .. .,z, are the zeros of p in [0, co) with multiplicities my, ..., m,
we have that p(x) = (x —z1)™ -+ (x — z,)™ - p(x) with j € R[x] and p > O on
[0, o). Applying Theorem to p gives the assertion. O

Note, in the previous result we were able to factor out the zeros of p and were only
left with p > 0 on [0, 00) since we are working in R[x] <deq  Where all monomials
1,x,...,x%8P are present. In sparse systems we are not able to factor out the zeros
since we no longer know which monomials in /5 will appear.

Remark 10.3. Working in the sparse setting, i.e., in T-systems, gives us an additional
information. In we only have p(x) = x - f> + g%. But this also includes that
f and g might contain factors ((x — y;)? + 6;) with §; > 0, i.e., a pair of complex
conjugated zeros can be present. In Corollary [I0.2 we see that this is not necessary.
The polynomials f and g can always be chosen such that they decompose into linear
factors having only real zeros. A similar results holds on R, see Theorem|10.7} o

10.2 Sparse Stieltjes Moment Problem

In Section we have seen that Boas already investigated the sparse Stieltjes
moment problem [Boa39all. However, the description was complicated and is even
incomplete since Boas did not had access to Karlin’s Positivstellensatz and
therefore Theorem [T0.1} We get the following complete and simple description. It
fully solves [Boa39a]. We are not aware of a reference for the following result.

that g = 0 < @) < @y < ... and let F = {xY};cw,. Then the following are
equivalent:

Theorem 10.4 (Sparse Stieltjes Moment Problem). Let {«;}iemw, € [0, 00) be such

(i) L:linF — Risa [0, o0)-moment functional.
(ii) L(p) = 0forall p € linF withp > 0.
(iii) L(p) = 0 forall p € linF with p > 0.
(iv) L(p) = 0 forall

1 x® x® | x%m-1 x®m
det )
x (X1 x1) oo (X Xm)
XY x@2 @y @m-2 y@m-]
det )
(x) = x (xp x1) .o (Xm-1 Xm-1)
p - XA @ @3 O @y
det , and
x (x2 x2) oo. (Xmel Xma1)
1xa’l x“’Z . XQZm—l x“‘Zm
det
x (x1x1) oo (om Xm)

forallm e Noand 0 < x; < --- < Xp.
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Proof. The implications “(i) = (ii) & (iii)” are clear and “(iii) & (iv)” is Theo-
rem [T0.1] It is therefore sufficient to prove “(ii) = (i)”.

We have lin ¥ = (lin ), — (lin F),, we have 1 = x® € linF, and for any g =
>itgai - x% e (linF), we have limy_,q xi(szl =0,i.e., thereexists a f € (linF),

which dominates g. Hence, lin ¥ is an adapted space on [0, co) and the assertion
follows from the Basic Representation Theorem [2.9) O

In the previous result we did needed 0 = @ < @] < @2 < .... We did not needed
a; — 0. Hence, Theorem [10.4]also includes the case sup;ey, @i < .

Theorem [10.4] also holds with a( > O since we can factor out x?° and therefore
determine x? du(x) instead of du(x).

10.3 Sparse Algebraic Nichtnegativstellensatz on [0, co)

For {1, x, x3} we have seen in Examplethat this is not an ET-systen on [0, ),
or on any other [0, b]. If we remove the point x = 0 and work on (0, co) then it is an
ET-system and even an ECT-system (Examples[5.18). For a Nichtnegativstellensatz
we therefore have to exclude zeros at x = 0 in a sparse polynomial p > 0.

Theorem 10.5 (Sparse Algebraic Nichtnegativstellensatz on [0, 0)). Let n € INy,

ag,...,a, € [0,00) be real numbers with g = 0 < a; < -+ < ap, and let
F = {x® 1}, Let f = YLy aix® 2= 0 on [0, 00) with a, > 0 and f(0) = ag > 0.
Then there exist points X1, ...,Xn, V1,--.,Yn-1 € [0, 0) (not necessarily distinct)

which include the zeros of f with multiplicities and there exist constants c.,c* € R
such that

fefrf

with fi, f* € linF, fi, f* = 0on [0, ), and the polynomials f. and f* are given
by

Ifx® ... x% 1| x® ... x%-!
«(x) = ¢, - det d *(x) = ¢y - det
filx)=c e(x X xn) an ff(x)=c e(x " .yn_l)
forall x € [0, o).
Proof. See Problem[I0.1} o

Remark 10.6. Note, if f(0) = ap = 0 in Theorem then

SxX) =ax¥ +ainxT + -+ apx®™ =x% - (a; + @i x T 4 gy x T )

=f(x)

where a; is the first non-zero co~efﬁc~ient ~and it fulfills a; > 0 sirlce ]i > 0. Then
apply Theorem [10.5[to f to get f = £ + f* and hence f = x% - (f. + f*). o
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10.4 Algebraic Positiv- and Nichtnegativstellensatz on R

Since we treat ¥ = {x! }t, we need only Karlin’s Positivstellensatzon R but not
Karlin’s Nichtnegativstellensatz [3.5|on R as we will see in the next result.

Theorem 10.7 (Algebraic Positiv- and Nichtnegativstellensatz on R, see [KS53| ] or
e.g. [KS66l p. 198, Cor. 8.1]). Let p € Rlx]| withp > 0onRandlet zy,...,7z € R
be the zeros of p with algebraic multiplicities my,...,m, € 2IN. Then there exist
pairwise distinct points {x;}!" |, {yi};'gl CRwith2m =degp—m; —---—m, and

—00 <X <Y < < VYm-1 <Xy <X

as well as constants a, b > 0 such that
r m m—1
p@ =[Je=zm a-[Je—x)?+o- [ -y’ aop
i=1 i=1 i=1

The constant a is the leading coefficient of p.

Proof. We have p(x) = (x —z1)"™ ---(x = z,)"™ - p(x) for some p € R[x] with
p > 0 on R. Applying Karlin’s Positivstellensatz[8.4]to j gives the assertion. |

Like in the case on [0, o0) in Corollary a factorization

p(x) =(x—z)™ - (x—2)"™ - px)

is not possible in T-systems or sparse algebraic systems on R. But since we are
working in R[x] <deg p all monomials 1,x, ... ,x9egP are present.
Remark 10.8. Similar to Remark[T0.3|we see that Theorem[I0.7]gives a stronger ver-
sion of (3.2),i.e., p = f2>+g>. By applying only the Fundamental Theorem of Algebra
f and g might contain pairs of complex conjugated zeros, see e.g. [MarO8l Prop.
1.2.1]. But by working in the T-system framework of Karlin’s Positivstellensatz
on R we see that f and g can be chosen to have only real zeros. )
On [0, o) we have seen that for any 0 = ap < @] < @3 < --- < @, we have that
F = {x%}!,is a T-system. On R this is no longer the case.

Example 10.9. Let ¥ = {I,x%,x* x5 x%}. Then ¥ on R is no T-system. Let
p € lin ¥ be non-negative on [0, co) with zeros at x = 1 and 2. By symmetry p > 0
on R with double zeros at x = +1 and +2 which contradicts Theorem [£.22] o

Problems

10.1 Use Karlin’s Nichtnegativstellensatz[8.3|to prove Theorem [10.3]
10.2 Show that a in (10.1) in Theorem|10.7|is the leading coefficient of p.
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Chapter 11

Moment Problems for continuous T-Systems on
la,b]

Long is the way and hard, that out of Hell leads up to light.

John Milton: Paradise Lost

In this chapter we demonstrate how e.g. Karlin’s Positivstellensatz for general
T-systems on [a, b] can be used to prove moment problems which do not live on the
algebraic polynomials R[x].

11.1 General Moment Problems for continuous T-Systems on
[a,b]

For T-system ¥ on [a, b] Karlin’s Positivstellensatz describes all polynomials
f elin¥ with f > 0.

Theorem 11.1. Letn € NN, let ¥ = {f;}' ) be a continuous T-system on [a, b] with
a < b. The following are equivalent:

(i) L:linF — R isan [a, b]-moment functional.
(ii) L(f) = Oforall f € linF such that

(a) f >20o0n|a,b] and
(b) the zero set of f has index n.

Proof. The implication (i) = (ii) is clear since f > 0. It is therefore sufficient to
prove (ii) = ().

Since ¥ is a continuous T-system there exists a polynomial e € lin ¥ with e > 0
on [a, b]. Since [a, b] is compact, F is continuous and finite dimensional, and there
exists a ¢ > 0 we have that the moment cone ((lin ¥),)* is closed. Therefore, to
show that L is a moment functional it is sufficient to show that L(f) > 0 for all
f € (linF),.

By Karlin’s Positivstellensatzthere are ey, e” € lin F with e,, e* > 0 and the
zero sets of e, and of e* have index n. Hence, L(e) = L(e,) + L(e*) > 0.

Let f € (linF), and € > 0. Then f. = f +&-e > 0 on [a, b], i.e., by Karlin’s
Positivstellensatz[7.3|there exist ( fz)s, (f¢)* € (lin F), each with zero sets of index

117



118 11 Moment Problems for continuous T-Systems on [a, b]

n. Assumption (ii) then implies L(f+&-¢) = L((fe)s) + L((fe)*) = Oforall e > 0,
i.e., L(f) = 0. That proves the assertion. O

Note, that a continuous T-system on [a, b] is always an adapted space. Addition-
ally, the use of Basic Representation Theorem [2.9]is not necessary since we only
need to check in this case L € ((lin F),)* since the moment cone is ((lin ¥),)* and
hence it is closed.

If in the previous theorem we additionally have that ¥ is an ET-system then we
can write down f, and f* explicitly in the similar way as in Theorem[9.6

Theorem 11.2. Letn € N, let ¥ = {fi}!' ) be an ET-system on [a,b] with a < b.
The following are equivalent:

(i) L:linF — R is a moment functional.
(i) L(f) = 0 holds for all

det (fo fi ool fmm fzm)

X (X] xl) (xm xm) .
fx) = if n=2m
_det [ St 2 S5 o fomet fom
x a (x1x1) ... (Xm-1Xp-1) b
and
et (fo fi fo s oo fom f2m+1)
X a (X1 X R . X,
o o (e1 1) - Com ) P
det fo fii fo-or Pom-1 fom fomei
x (xyx1) ... (xm xm) D
andall x1,...,xpywitha <x; <--- <X, < b.
Proof. Follows from Theorem with Theorem[5.3] O
11.2 A Non-Polynomial Example
In Example we have seen that
(1 1 1
Tlxtap x+ar] T T x+ay
with n € IN and a9 < @) < --- < @, reals is a continuous T-system on any

[a,b] with —ag < a < b, see Problem for the proof. But in the proof of
Example we actually showed that this F is an ET-system since we multiplied
with (x + ag) - - - (x + @) which has no zeros on [a, b] and hence the multiplicities
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of the zeros do not change. Multiplicity restriction from the fundamental theorem of
algebra then shows that ¥ is an ET-system.

Corollary 11.3. Letn € Nand ag < a; < --- < a,, be reals. Then

1 1 1
x+ay x+a; U x+a,

is an ET-system on any [a, b] with —ay < a < b.
From Theorem and Corollary we therefore get the following.

Corollary 11.4. Letn € N, let ap < ) < --- < ay, be reals, and let

L hw=— 0 f)= 1}
@

X+ x+a;’ xX+a,

F = {fo(x) =

on [a, b] with —ay < a < b. Then the following are equivalent:

(i) L:linF — Risa [a, b]-moment functional.
(ii) L(f) = 0 holds for all

det (fo fi oo P fzm)

f(x) — X (xl xl) (xm xm) if n=2m
- _det [ St 2 S5 o fomet fom
x a (xpx1) ... (Xm-1Xp-1) b
and
4 fofi o 5o fom fomn
_etxa(xlxl) (Xm Xm)
= o if n=2m+1
7t det fo fii fo-oi fam-1 fom fomel Jon=am
x (xyx1) ... (xm xm) D
andall x1,...,xpy witha <x; <--- <X, < b.

In a similar way many other T-system moment problems can be proven from
Theorem [I1.1]






Chapter 12

Polynomials of Best Approximation and
Optimization over Linear Functionals

The rest is silence.

William Shakespeare: Hamlet (Act 5, Scene 2)

This last chapter is devoted to best approximation polynomials and optimization over
linear functionals.

We started in Chapter[I]with moments and moment functionals, went to the theory
of T-systems in Part [lI} proved Karlin’s Theorems in Part and applied them to
algebraic polynomials in Part[T[V] Now we finish our lecture by closing the circle. We
apply the previous results to best approximation in Section[I2.T]and to optimization
over linear (moment) functionals in Section [12.2)

12.1 Polynomials of Best Approximation

A classical question is:

How to approximate a given function f € C([a, b], R) in the sup-norm by a finite linear
combination Z?:o a; f; of some given fy, ..., fn€C(la,b],R)?

Definition 12.1. Letn € Ny, let f, fo, ..., fu € C([a,b],R), and let F := {f; ?:0'
The polynomial f € lin ¥ which solves

n

f_Zaifi

i=0

(12.1)

(o)

is called the polynomial of best approximation.

Approximations (12.1)) with the sup-norm are called Tchebycheff approximations.
The connection between polynomials of best approximation and T-systems is
revealed in the following result.

Theorem 12.2 (see [Haal§||, [Ber26[]; or e.g. [AchS6, p. 74, §48], [KS66, p. 280,
Thm. 1.1]). Letn € Ny, leta, b € Rwitha < b, andlet ¥ := {f;}!' ) € C([a,b],R)
be a family of continuous functions. The following hold:

(i) The following are equivalent:
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(a) The polynomial minimizing

n

f_zaifi

i=0

(12.2)

8]

is uniquely determined for every f € C([a, b], R).
(b) The family ¥ is a continuous T-system on [a, b].
(ii) If F is a T-system then for each f € C(|a, b], R) the unique polynomial

n

f=2 a4

i=0
minimizing ({[2.2) is characterized by the property that there exist n + 2 points

a< X1<x<-<Xp2 <b

such that
(D)8 () = () = max | ()= £()]

holds foralli=1,2,...,n+2withé =+1 or —1.

Statement (i) of the previous theorem is essentially due to A. Haar [Haal8||. The
following proof significantly differs from Haar’s proof and it is more general. It is
taken from [KS66, pp. 284-286], see also [[Ach56, pp. 75-76].

Proof. (a) = (b): We prove =(b) = —(a).
Assume ¥ is not a T-system. There exist n + 1 distinct points a < xg < x; <
.-+ < X, < b such that
det (fi(x)))} 1 =0. (12.3)

Hence, there exist real coefficients co, c1, . .., ¢, with 1" c? > 0with 37 ¢ fi(x;) =
Oforall j =0,...,n. Thatimplies

n

Zcip(xi) =0 (12.4)

i=0

forall p € lin ¥.
The relation (12.3)) also implies the existence of a non-trivial polynomial p =
o bifi € lin 7 which vanishes at the points xg, x1, . . ., Xp.
Let g € C([a, b],R) be such that ||g||cc < 1 and

Ci

glx;) = m

foralli=0,1,...,n with¢; #0.
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Let A > 0 be such that ||[15]|c < 1 then f := g - (1 — |2p]) has the same signs at
the points x; with ¢; # 0 as g.

We will now construct an infinite number of polynomials of the same minimum
deviation from f.

If
n
H F=Ylaifi|| <1
i=0 0
for some ag, ay, ..., a, then
n
—1<g(x)) - (1= 1p(xp)) = ) aifi(x)) < 1
i=0
forall j =0,1,...,n which reduces to

n

-1 <g(xj) —Zaifi(xj) <1

i=0

forall j =0,1,...,n. Hence, if c; # 0 the value of 31", a; f; (x;) has the sign of the
c; so that Z?:o cj Xty aifi(xj) # 0 which contradicts 1i Therefore,

Hf_zn:aifi

i=0

> 1.

0o

If now |6] < 1 then

|f(x) = 64p(x)| < [f(x)[ +[64p(x)]
< [g(@)]- (1= 12p(x)) +164p(x)]
S1-(1-16])-[4p(x)|
<1

so that 61p minimizes the distance to f independent of § € (—1,1). Hence, we
proved —(a).

We now prove (ii) which will also establish (b) = (a). Let ¥ be a T-system.
At least one minimal polynomial exists since lin ¥ is finite dimensional. Assume
g = ity bif; fulfills

n

f—zaifi

lf = gllo=m= min
40:--nt 0

......

o)

and f — g takes on the values +m alternatively at only k < n + 1 points. We suppose
for definiteness that f — g assumes the values +m before it takes the value —m. In
this case there exist k — 1 points
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a< y;<:--<yr-1 <b
such that
Fi)—gyi) =0
foralli =1,2,...,k — 1 and for some d > 0 we have
m>f-g = -m+d on[a,y1] VU [y2,y3]U...
m—-d > f-g > -m on [yr,y2] U [ys, ya] U.

By Theorem 4.30]and Remark [4.27]there exists a polynomial 2 whose only zeros on
the open interval (a, b) are the nodal zeros yi, ..., yr—; and additionally # < 0 on
[a, y1]. Let § > 0 be such that |6h| < d/2 then

|f —g+6h| <m (12.5)

on (a, b).

Equality in is possible at the end point a only if f(a) — g(a) = m and
h(a) =0and at b only if | f(a) — g(b)| = m and h(b) = 0. To repair the situation at
the points a and b let 2 be such that /1 - (f — g) > 0 at a and b. Then for sufficient
small  we have

|f —g+6h—nhl <m

on [a, b]. Hence, by continuity on the compact interval [a, b] we have

n

f_zaifi

i=0

<m

0o

contradicting the fact that m is the minimum deviation. That proves (ii) including
uniqueness in (i). a

In the previous theorem we have seen the close connection between the best
approximation polynomials from the minimum problem and T-systems. The
next result shows that the connection is even closer, i.e., the solution of (I2.2) is
connected to the Snake Theorem [7.4]

Theorem 12.3 (sec e.g. [KS606, p. 283, Thm. 2.1]). Letn € Noandlet fy, ..., fu, f €
C(la, b], R) be such that { fo, . .., fu} and {fy, . .., fu, f} are continuous T-systems
on [a,b] with a < b. Let

n
fr=c f+d cf
i=0
be the f* from the Snake Theorem[7/ 4 with g\ = —1 and g, = 1, i.e., f* is uniquely

characterized by the following conditions:

(a) -1 < f*<1onla,b], and
(b) there exist n + 2 points x| < xp < -+ < Xp42 in [a, b] such that
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Fr ) = (=)

foralli=1,...,n+2.

Then ¢ # 0 and the polynomial
1 n
UEAILY

is the unique minimizer of

o)

and the minimum deviation is d = |c|™".

The proof is taken from [KS66, pp. 283-284].

Proof. The coefficient ¢ can not be zero. Otherwise the polynomial }}""  ¢; f; van-
ishes at n+ 1 points in the T-system { fy, . . ., f } by (b) and would therefore be equal
to zero by Lemma|.5

From (a) we get

1
< —

|d|
Since f fulfills (b) we get from Theorem (ii) uniqueness of fandd = |c|”!. O

gl

Finding approximations is also done with respect to the £”-norms

p
du(x) (12.6)

.....

with a fixed measure p and p > 1. For p = 2 this leads to the well-studied orthogonal
polynomials, a special branch of the theory of moments.

Forp =1in @I) this also is connected to T-systems. D. Jackson [Jac24] showed
thatif ¥ = { fo, ..., fu} is a T-system then the best approximation of is unique,
see also [Ach56, p. 77].

12.2 Optimization over Linear Functionals

In optimization one often encounters the problem of having only a linear functional
L :V — R, e.g. a moment functional, and one wants to minimize L(f) over V,.
By removing the dependency on the scaling of f we get the following result.
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Theorem 12.4 (see e.g. [KS66, p. 312, Thm. 9.1]). Letn € Ny, let F = {f;}, be an
ET-system on [a,b] witha < b, and let L, S : lin ¥ — R be two linear functionals
such that S is strictly positive on (lin F),, i.e., S(f) > Oforall f € lin ¥ \ {0} with
f =0.Then

L(f) L(f)

min — and max — (12.7)
reinF)\{0} S(f) fein )\ {0} S(f)

are attained at non-negative polynomials possessing n zeros counting multiplicities.

The proof is taken from [KS66, p. 312].

Proof. Since lin ¥ is finite dimensional the values in are attained.

It is sufficient to prove the statement for the maximum. But maximizing %
over (lin ), \ {0} is equivalent to maximize L(f) over f € (linF), \ {0} with
S(f) =1

Let f > 0 be such that S(f) = 1 and suppose f has at most n — 1 zeros
counting multiplicities. Then by Karlin’s Nichtnegativstellensatz[7.6]there is a unique
decomposition f = f. + f* where f. and f* differ, are non-negative, and both have
n zeros counting multiplicities. Set @ := S(fi) and 8 := S(f*). Then @, 8 > 0 since
S is strictly positive and @ + 8 = S(fi) + S(f*) = S(f) = 1. Then

f=a- % +5- %
and by linearity
L s L02, 1402
which proves the statement. |

More results on best approximation and optimization over linear functionals can
already be found in [Ber26], [Ach56], and [[KS66]]. Let alone the enormous literature
after that.
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Solutions

Problems of Chapter 1|

[I.I] The Stone—Weierstrass Theorem states that for a compact set K C R the
polynomials R[xy,...,x,] are dense in C(K, R) with respect to the sup-norm. Let
A € B(K) be a Borel measurable set, let £ > 0, and let u; and u» be two representing
measures of L. Set As := (A + Bs(0)) N K for all § > 0. Then for any & > 0 there
existsa d = d(g) > Osuch that u;(As \ A), u2(As \ A) < &.

By Urysohn’s Lemmal0.2] there exists a ¢, € C(K, [0, 1]) such that

1 forxeA
pe(x) =
0 forxeK\Ag

and since R[xy,...,x,] is dense in C(K, R) there exists a family of polynomials
(pf)iew € Rlxy,...,x,] such that

i—00 i—o0
1p? — @olle =550 and hence / PG di (x) = / 0 () dpt; (1)
K K

for j = 1,2. Then we have

i (4) = lim /K 00 () du1 ()

= lim i £(x)d
lim lim | P77 (x) dya ()

= lim lim L(p?f
e\0i—00 (pl )

= lim i £(x)d
lim lim | pi(x) dz(x)

= }:1{1})/1{ 0 (x) dus(x) = u2(A).

129
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Since A € B(K) was arbitrary we have u; = up, i.e., L has a unique representing
measure and is therefore determinate.

[I.2] Proof of Corollary[1.3]
Let uy, pp € M(L) and A € [0, 1]. Then

/p(x)dw1+(1 D] () :a/p(ao dﬂl(X)+(1—/l)/p(X) dpaa ()

=AL(p) + (1 - A)L(p)
= L(p)

and hence Ay + (1 — A)up € M(L) which proves convexity.

[I.3] Proof of Corollary [1.10]
Let uo, 1 € M(L) with gg # uy,i.e., there existsa A € U such that yg(A) # pi(A)

and without loss of generality we have ug(A) < u;(A). Hence, for all 1 € [0, 1] we
set uy := Auy + (1 — D)o and we have

Hay(A) < pa, (A)

forall 0 < A9 < A1 < 1 which proves that 11y, # 4, for all 19 # A;. Hence, we have
at least |[0, 1]| = |R| many representing measures for L.

Problems of Chapter 2|

2.1] Proof of Lemma 2.1]
The proof is taken from [[Cho69, Vol. 2, p. 268].

(1) = (ii): If F+C is a vector space then —(F+C) = (F+C) and —(F+C) = F-C
since —F = F.

(i) = (iii): If x e F+C,ie.,x =y +zforsome y’ € Fandz € C, thenx > y’.
Similarly, if x = y —w then y > x.

(>iii) = (i): First note that F' + C is a convex cone. So if suffices to show that
F+C=—-(F+(C),ie,F+C=F—-C.Butifxe F+Candx < ythenx=y -z
for some z € C,orx € F —C. Similarly, if x € F — C and x = y’ + w for some w € C
thenx € F +C.

2.2] Proof of Lemma 2.6
(i) = (ii): Set K, = supp h.
(ii) = (iii): Chose by Urysohn’s Lemma[0.2]an. € C.(X,R) with .|k, = 1.
(iii) = (i): Take hy = 15 - g € Co(X, R).

H Since X is compact for every f € E we have my := minycx f(x) > —oco and
My = maxyex f(x) < oo, especially for f = e > 0 we have m, > 0. Then for every
f there exists a dy > O such that f = (f + dye) —dye such that f +dye,dse € E,
and hence E = E, — E, proving (i) in Definition [2.7]
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Since e > 0 we also have (ii) in Definition[2.7]
For (iii) in Definition it is sufficient to note that X is compact, i.e., for every
g thereisacg > Osuchthat g < cge.

R4 Let E = R[xy,...,x,] on X. Then (i) E = E, — E, follows immediately from
the fact that for every f € E thereisag € E, suchthat f = f+g—g with f+g € E,.
For (ii) we take f =1 > 0 on X.
For (iii) take the g from (i).

Since E is finite dimensional we can equip it with a norm, e.g. the />-norm in the
coeflicients of f. Assume X is not compact then there exists an unbounded sequence
(xi)iew, and a f € E with || f|| < 1 such that (f(x;));e, grows faster than any
other (g(x;));en,- Hence, f can not be dominated by any g.

Proof of Lemma 2.8

Since K = supp g is compact and E is an adapted space, i.e., there exists a f € E,
with f > 0 we have that minycg f(x) > 0 and hence there exists a ¢ > 0 such that
cf > gon K and hence on all X.

Problems of Chapter 3|

B.1] Proof of Stieltjes’ Theorem 3.1]

We have (iii) & (iv) & (v) by the definition of the Hankel matrix and also (i) = (ii)
= (iii). Additionally, we have (iii) = (ii) by since L(p) = L(f?)+L(xg?) > 0.
At last (ii) = (i) holds by the Basic Representation Theorem since R[x] on
[0, c0) is an adapted space.

B.2] Proof of Hamburger’s Theorem [3.2]

We have (i) = (ii) = (iii) and additionally (iii) & (iv) & (v) by the definition
of the Hankel matrix. The implication (iii) = (ii) follows from Equation by
L(p) = L(f*+ g% > 0. At last (ii) = (i) holds by the Basic Representation
Theorem [2.9]since R[x] on R is an adapted space.

Proof of Hausdorff’s Theorem 3.3

We have (i) = (ii) = (iii) and additionally (iii) & (iv) & (v) by the definition of the
Hankel matrix. The implication (iii) = (ii) follows from since it is sufficient
to look only at f(x)? +xg(x)? + (1 — x)h(x)?. At last (ii) = (i) holds by the Basic
Representation Theorem [2.9]since R[x] on [0, 1] is an adapted space.

3.4 Proof of Haviland’s Theorem 3.4]

Since (i) = (ii) is clear it is sufficient to show (ii) = (i). But since E = R[xy, ..., x,]
on K, is an adapted space (see Problem [2.4)) and since E. = Pos(K) by definition
the Basic Representation Theorem applies and gives the assertion.
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Proof of Corollary [3.6]

We have that (ii) = (i) is clear since x* - (1 —x)! > 0 on (0,1) and at least one
¢ > 0. It remains to prove (i) = (ii).
Let f € R[x] \ {0} with f > 0 on (0, 1) then we can write f as

f)=xP-(1-207- f(x)

with f € R[x], f > 0 on [0, 1], and p,q € Ny, i.e., by the fundamental theorem
of algebra we can factor out the zeros at x = 0 and at x = 1. Applying Bernstein’s
Theorem (ii) to f then gives the assertion.

Proof of Lemma 3.9]

Since the moment cone S# and the hyperplane H are convex we have that SN H is
a convex cone, i.e., it is a moment cone and there exists a family G C lin 7 of m < n
elements which spans SN H. It is sufficient to show that G lives on (Y, A|y) for
some Y C X.

For the hyperplane H there exists a function & € lin ¥ such that Lg(h) > 0 for
all s € S¢. Note, that N = Ngew{x € X | fi(x)> + -+ + fo(x)?> > k} has measure
zero for any representing measure ps on X of a moment sequence s € S¢ since the
moments are finite, i.e., the f; are ug-integrable. Without loss of generality we can
therefore work on X \ N. Hence, all 6, with x € X \ N are moment measures and
Lg(h) = 0implies h > 0on X \ N.

Then s € S¢g N H & Lg(h) = 0 implies that all representing measures y of all
s € S&N H have the supportin Y := {x € X\ N | h(x) = 0}.

Let ¥ = {fi,..., fu} be measurable functions on (X, ) which are not neces-
sarily bounded. Set

I:= ﬂ{xeX||ﬁ(x)|>kf0ralli=1,...,n}.
kelN

Then I is measurable. Let s be a moment sequence with representing measure u.
Since all f; are u-measurable we have u(I) = 0. Therefore, by working on X \ I we
can assume without loss of generality that | f; (x)| < oo forall x € X.

Define G = {g1, ..., g} with g; := & and f := 1+ X7, 12

At first we note that from

/X £i() du(x) = /X gi(0) - F(x) du = /X 4:(x) dv(x), s.1)

we have that every sequence s = (s1,...,S,) is @ moment sequence with respect to
G if and only if it is moment sequence with respect to 7.

Since all g; are bounded we have by Rosenbloom’s Theorem that there is a k-
atomic representing measure v = Zf.‘zl ¢; -0y, which represents the moment sequence
s. Then by we find that ¢ = Zl’le ci - f(x;)~!+ 6y, is a representing measure of
s with respect to ¥ which proves the statement.
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Problems of Chapter [4|

[4.1] Proof of Corollary 4.3

Let f € lin 7. Then f has at most n zeros in X and hence f|y has at most n zeros
inY c X. Since for any g € linG there is a f € lin F such that g = f|y we have
the assertion.

[@.2] Proof of Corollary 4.8

Let wy,...,w, € W be pairwise distinct. Since g is injective we have that also
g(wp), ..., g(wy,) € X are pairwise distinct. Hence,
etff08 8 g o S S VLo
wo Wy .. Wy g(wo) g(wy) ... g(wn)

and the statement follows from Lemma[4.3]
[4.3] Proof of Corollary4.9]

Let xo, . . ., x, € X be pairwise distinct. Then
80 &1 --- &n\ _ Jofi oo fu)
det (xo X1 ... xn) _det(xo X[ ... xn) g(x1) -+ g(xn) #0

and the statement follows from Lemma[4.3]
4.4 Proof of Corollary [4.10|

(1) Assume fy, ..., f, are linearly dependent, i.e., there are ay, . . ., a, € R notall
zero such that ag fo + - - - + a,, f,, is the zero polynomial. Hence, f has at least
n + 1 zeros. But since ¥ is a T-system this is a contradiction.

(ii) Letxo,...,x, € X be n+ 1 pairwise distinct points. Then by Definition &.4 we

have
f(xo) ao
oo (fo )|
: X0 ... Xn :
JGn)) e \tn
=M
and since ¥ is a T-system we have that M has full rank by Lemma[4.5 Hence,
the coefficients ao, .. ., a, are unique.
Proof of Example [4.1§]

Set fi(x) := (x+a;)"'and g(x) = (x + @) - - - (x + @,,). Then g > 0 on [a, b] since
—ap < a < b. Hence, ¥ is a T-system on [a, b] if and only if G = {g; := g - fi}l
is a T-system on [a, b] by Corollary 4.9]

We have g;(x) = (x+ap) - (x +a;—1) - (x +@;4+1) - (x + @) and deg g; = n.
It is now sufficient to show that G is a T-system on R by Corollary [4.3]since then it
will also be a T-system on [a, b].
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Since g;(a;) = O foralli # j we have that the g; are linearly independent. Hence,
linG = R[x]<,. But since {x'}", is a T-system so is G since every non-trivial
f €linG = R[x]<, has at most n zeros.

In summary, we have that {x }1,isaT-system on R = G on R is a T-system =
G on [a, b] is a T-system = ¥ on [a, b] is a T-system.

To the points xo, . . ., Xx4+; € [a, b] add pairwise distinct points Xg4/41, - . ., X, €
[a,b] \ {x0,...,Xrs. Then the matrix

So(xo) ... fu(xo)
: : (S.2)

foloxn) - )
has full rank since ¥ is a T-system, i.e., every vector, especially
(m,....m,—m,...,-m,0,...,0,%, ... %7 e R"!
is in its image. But the matrix

fox1) ... falx1)

fO(x-k+l) . fn(?;k+z)

in (4.7) only contains the first k +/ rows of (S.2)), i.e., (4.7) has at least one solution.

[.7] By Remark only the case n = 2m + 2p and one end point is contained.
But then we can apply Theorem to ¥ = {fi ?2‘01 which ensures by the same
arguments in Remark that x1, ..., x, are the only zeros of some f > 0.

Problems of Chapter 3|

[5.11 Proof of Lemma[5.7]
Set g; := g - f;. Then we have to check that

go(x)  g1(x) ... gn(x)

g &) ... g ()

W(go, ... »8k)(x) = det #0

g () g .. g ()

holds for all x € [a, b]. Since g; = g - f; we apply the product rule and get



Solutions 135

fox)  filx) ... falx)
fox)  flx) ... fulx)
W(go,...,g)(x) = g* - det| 80 ) &'(X) - gy(x)

g () g () .. g (%)

since in the first line we factored out g and then subtracted g’-times the first line
from the second, and factored out g from the remaining second line. For the second
derivatives in the third line we have

(g'fi)"=g”'ﬁ+2g"ﬂ+g'ﬁ”

and hence subtracting g”’-times the first row, 2g’-times the second row, and finally
factoring out g from the remaining third row we get

fox)  filx) ... fau(x)
fox)  fix) oo fu(x)
folx) fPx) o ()
W(go.-...8K)(x) = g - det gy (x) g7 (x) ... gy (x)

g () g™ ) .. g ()

Proceeding in this manner we arrive at

(W(go’ cee ’gk)(x) = gn+1 . (W(fo’ “ee ’fn)(x) #0

for all x € [a, b] which proves the statement.

5.2 Proof of Lemma5.§]
We proceed similar to Problem/Solution [5.1 but now with the rule of differentiation
for f; o g. We have

(ﬁ-og)':g’.(fi’og)
and hence
foocg ... fanog
foeg oo facg
(W(g07""gn):gl'det (fOog)N (fnog)”
(fo- @™ ... (fuog)™
by factoring out g’ from the second row. Then we have
(fiog) =(g - (fiog) =¢g" (ffog)+(g) (f'og),

i.e., we subtract g”’-times the second row and factor out (g")? to get
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foeg ... faog
foeg - fnog

14 14

Vo 0™ ... (faog)®

Proceeding in this manner with

(fiog)® =P - (fPog)+...+gW . (fog)

we get

n(n+l)

(W(807""gn):(g’) 2 '(W(f()’""fn)og

with proves the assertion.

Proof of Lemma[5.9]
Set H = {h;}! ) with h; := % Then by Lemrnawe have

W(for - fo) = F3* - Who, ..., hn)
and since ho = 1 we have h{ = h{ =---=0and

1 hy ... hy

0n™ ... ndY
which gives by expanding along the first column

h/

1 h,

"
= fo! - det| :
A
= fh W), .. k)

and with g; =h;Jr1 fori =0,...,n— 1 we get

= ftt - W(go, ... gnm1)

which proves the statement.

(a) Since ¥ is an ET-system on [a, b] we have

(W(f(), s ’fn)(x) # 0

3 f() °g n ©8
’W(go,---,gn) = (g ) - det (foog)”/ (fnog)m

Solutions
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for all x € [a, b], i.e., also for all x € [a’,b’] C [a, b] and hence it is an ET-system
on [a’,b'].
(b) Since ¥ is an ECT-system on [a, b] we have

W(fo,..., fi)(x) #0

for all x € [a,b] and k = 0,...,n, ie., also for all x € [a’,b’] C [a,b] and
k =0,...,nand hence it is an ECT-system on [a’, b’].

[5.5] Proof of Example 4.19]
We already know that {l,x,xz, . ,xk} is an ET-system for any k = 0, 1, ..., n since

W(Lx,...,. xYx)=1-11----. k!> 0.
From the Wronskian determinant
W(lLx,....x", f)x)=1-11-21-...-nl- fM () >0
we then get that & is an ECT-system on [a, b] by Theorem[5.12]

5.6 Proof of Examples|[5.18]
By Lemma we only need to prove the statement for one case, say case (b)

G = {e®*}" Letk € {0,1,...,n}. Then

g 81 ... 8k
g8 & --- &
Wi(go,...,8k) =det . .

'k .k .k
g g g

and with gl.(j ) = a/{ - g; we get

& & --- 8k 11 ...1
@p80o @181 ... AUk8k Qg @] ... Qk
:deg : : : :go.gl...gn.det
a(])‘go cxi‘gl a]]igk a(’J‘ a'{‘ a,’i
=80-81""8k" 1_[ (@j—a;)) #0
0<i<j<k

which proves the statement.

To construct the non-negative polynomial on [0, co) with the double zero x; = 1
and the zero x, = 2 with algebraic multiplicity m, = 4 we need 7 monomials.
We chose fo(x) = 1, fi(x) = x%, fa(x) = x7, f3(x) = x°, fa(x) = 2% f5(x) =
x!, fo(x) = x'® and leave out x*?. With (5.5) we get
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folfi 25 fafs fs

f(x):det(x 11222 z)
fox)  filkx) ALK B falx) fs(x) o fo(x)
foxt)  filx1)  falx1)  fx)  falx)  fs(x)  fe(xr)
foxr)  fiGa)  fixe)  fG) L) fLx) fi(x)
_ det fo(x2)  filx2) falx2) fs(x2)  fa(x2)  f5(x2)  fe(x2)

folx2)  flx2)  fi(x2)  fi(x2) fi(x2) fi(x2)  fi(x2)
fol(2) fl'(x2) ' (x2) fi'(x2) S (x2) f&(x2) f'(x2)

244

Jo" (2) f7(x2) £y (x2) f37(x2) Sy (x2) £ (x2) S (x2)

1
19 ) £ ) £ () £ (x0) £ () £ () £ (x2)

1x2 x3 xS x8 xll x13
1111 1 1 1
023 5 8 11 13

=det|1 4 8 32 256 2048 8192
041280 1024 11264 53248
02 12160 3584 56320 319488
00 6 240 10752 253440 1757 184

f(x) =48 - (14 980 788x ! — 184325 420x!" + 2421354 616x® — 26336028 160x°

+112945898496x> — 112347781 120x” + 23 485900 800) .

The function f is shown in Figure

2.0x10"2
15x1012
1.0x102
50x10""

0 L L
0.0 0.5 1.0 1.5 20 25

Fig. S.1: The function f from the solution of Problem

This function f we gave here is not unique. Of course every multiple of f also
fulfills the requirements but we also made the restrictions to use all monomials except
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x*2. We get another polynomial when we e.g. leave out x!3 (or any other monomial
except 1) instead of x*?. Then any conic linear combination of these functions also
fulfills the requirements.

We can not leave out 1 since any linear combination has the additional zero x = 0.

Problems of Chapter [

[6.1] Proof of Corollary|[6.8]
Since ¥ is a continuous T-system we can assume that

det(fOf] fn)>0

X0 X1 ... Xp

foralla < xp < x| < -+ < x, < b. Since the Gaussian kernel is ETP; for every
k € INy, see Example [6.6] we have

K;;_ X1 X2 ... Xp >0
Y1IY2--- Yn
forall x; < xp < -+ <xpandy; <y, <--- <y, in R as well as ¢ > 0.

Hence, in W(f.0s fols---s foun)(X) = in Lemma we are integrating
over a non-negative functions with respect to the Lebesgue measure yu = 4, i.e.,
W(fo.0, fo1>--s fo.n)(x) > 0forall x € [a, b] which proves the statement.

Problems of Chapter

The family 7 on [a, b] needs for a fixed f > 0 only be an ET-system around the
zeros of f but otherwise the proof of Karlin’s Theorem [7.1]is employed, i.e., there
we only need ¥ to be a T-system.

Problems of Chapter

[8.1] Proof of Karlin’s Positivstellensatz[8.4 on R
By (a) there exists a function w € C(IR, R) such that w > 0 on R and

o @) _

e w(x)

1.

By (b) we define
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filx)
vi(x) = {w(x) ifxeR,

Oin ifx=z00

foralli =0,1,...,n. Thenby (c)and Corollarywe have that {v;}"  is a T-system
on [0, co]. With #(x) := tan(7x/2) we define

gi(x):==vjot

foralli =0,1,...,n. Hence, G = {g;}} is a T-system on [~1, 1] by Corollary [4.8]
We now apply Karlin’s Positivstellensatzto G. Set g := (%) oft.
(ii): By Karlin’s Positivstellensatz[7.3|on [a, b] there exist points

“l=yo<xi<y1 < <xp<ym=1

and unique functions g, and g* suchthat g = g.+g*, g+, ¢" = 0on [-1,1],x1,...,x
are the zeros of g,, and o, . . ., y,, are the zeros of g*. Then f, := (g. o¢™') - w and
f* = (g* ot™") - w are the unique components in the decomposition f = f, + f*.

(i): Since g*(yo) = g*(y;m) = 0 we have that g* contains no g, and hence the
coefficient of g5, in g, iS azy-

[8.2] Proof of Karlin’s Nichtnegativstellensatz[8.5jon R
Similar to the proof of Karlin’s Nichtnegativstellensatz on [0, 00) and hence
Problem/Solution [8.1]

The conditions (a) — (c¢) are such that F on [—oo, c0], i.e., including +oo, is an
ET-system.

With the same argument as in the proof of Karlin’s Positivstellensatz we
transform ¥ on [—oo, 00] into G on [—1, 1] with the tan-function. Here Lemma [5.8
ensures that also G is an ET-system.

Application of Karlin’s Nichtnegativstellensatz on [—1, 1] gives the desired
decomposition g = g. + g* with the observation that x = +1 is a zero of at most
multiplicity one by (a) and (b). Backwards transformation into ¥ on [—o0, o] resp.
[—o0, 00) then gives the assertion.

Problems of Chapter [9)

Proof of Theorem [0.13]

Theorem can in general not be extended to [0, b] since {x?°,...,x%} is not
an ET-system. This fails at x = 0. But on (0, »] it is an ET-system. We can therefore
factor out the zeros of f > 0atx =0

f(x) = aix +aigx¥ + -+ apx®™ = xY - (ap +apx T 4y x T

=f(x)
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to get some f with f > 0 on [0,b] and £(0) > 0. To f we can then apply
Theorem .10 with a = 0.

In summary, Theorem [9.10]on [0, ] holds if £(0) > 0, see also Theorem [10.5]
and Remark [T0.6for the corresponding version on [0, o).

Problems of Chapter [10]

[10.1] Proof of Theorem [M0.5]
To prove Theorem we have to note that ¥ = {x*}!, with @9 = 1 is an
ET-system on (0, c0). The only difficulty is x = O where F fails to be a ET-system.
But looking closely at the proof of Karlin’s Theorem [7.3] (see Problem/Solution
the ET-system property is only required in a neighborhood of the zeros of f and
otherwise it is the proof of Karlin’s Theorem [7.1] for T-systems. Since f(0) > 0 we
have no zero at x = 0 where ¥ fails to be a T-system. In fact, we have f(x) > 0 for all
x € [0, &) for some & > 0. Hence, we can apply Karlin’s Nichtnegativstellensatz 8.3
since its proof requires for our f with f(0) > 0 only that ¥ to be an ET-system on
(0, 00) which is fulfilled.

[10.2] By expanding

r m m—1
[Je=zm{a- [ [@=x+b- [ |-y
i=1 i=1 i=1

we see that g - x™1++"r+2M i5 the monomial with the highest degree my + - - - +m, +
2m = deg p and the coefficient is a.
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